Supersymmetric Configurations, Geometric Transitions and New Non-Kahler
  Manifolds by Chen, Fang et al.
ar
X
iv
:1
00
7.
53
16
v3
  [
he
p-
th]
  2
0 J
ul 
20
11
Preprint typeset in JHEP style - HYPER VERSION
Supersymmetric Configurations, Geometric
Transitions and New Non-Ka¨hler Manifolds
Fang Chen1, Keshav Dasgupta1, Paul Franche1, Sheldon Katz2, Radu Tatar3
1 Ernest Rutherford Physics Building, McGill University,
3600 University Street, Montre´al QC, Canada H3A 2T8
2 Departments of Mathematics and Physics,
University of Illinois at Urbana-Champaign,
1409 West Green Street, Illinois, USA 61801
3 Division of Theoretical Physics,
Department of Mathematical Sciences,
The University of Liverpool, Liverpool, England, UK L69 3BX
fangchen, keshav, franchep@hep.physics.mcgill.ca,
katz@math.uiuc.edu, Radu.Tatar@liverpool.ac.uk
Abstract: We give a detailed derivation of a supersymmetric configuration of
wrapped D5-branes on a two-cycle of a warped resolved conifold. Our analysis re-
veals that the resolved conifold should support a non-Ka¨hler metric with an SU(3)
structure. We use this as a starting point of the geometric transition in type IIB
theory. A mirror, and a subsequent flop transition using an intermediate M-theory
configuration with a G2 structure, gives rise to the complete IR geometric transition
in type IIA theory. A further mirror transformation gives the type IIB gravity dual
of the IR gauge theory on the wrapped D5-branes. Expectedly non-Ka¨hler deforma-
tions of the resolved and the deformed conifolds appear as the gravity duals of the
confining gauge theories in type IIA and type IIB theories respectively, although in
more generic cases these manifolds could also be non-geometric. In the local limit we
reproduce precisely the scenarios presented in our earlier works. Our present work
should therefore be viewed as providing a supergravity proof of geometric transitions
in the full global scenarios in type II theories.
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1. Introduction
The gravity duals of gauge theories with running coupling constants have received
considerable attention in the last few years. The original gauge/gravity duality [1],
[2] deals exclusively with theories that have no running of the coupling constants, or
with theories that have some running of the coupling constants but eventually fall
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into fixed point surfaces, for example [3]. The first kind of dualities that consider
the actual running of the coupling constants leading to, say, confining theories were
discussed some time back in [4], [5], [6] and its extension to include fundamental
flavors in [7]. The type IIA brane constructions for theories like [3] were first discussed
in [8], and for theories with running couplings were discussed in [9]. In fact in the
fourth reference of [9] the precise distinctions between [4] and [5] were pointed out
in details.
In recent times we have seen many new advantages of studying theories like [4]
and [5] that deal with running couplings. The confining behavior of these theories in
the far IR is of course very powerful in extending them to more realistic scenarios like
high temperature QCD [10, 11]. The cascading nature of these theories allow them
to remain strongly coupled throughout the RG flow from UV to IR, and therefore
supergravity duals can describe the full dynamics of the corresponding gauge theories.
For the Klebanov-Strassler (KS) theory [4] even the full UV completion, that allow
no Landau poles or UV divergences of the Wilson loops, can be achieved by attaching
an UV cap to the KS geometry[10]. An example of the full UV completion of the KS
geometry both at zero and non-zero temperatures has been recently accomplished
in [11]. The UV cap therein is given by an asymptotic AdS space that, in the dual
gauge theory, will allow for an asymptotic conformal behavior in the UV and linear
confinement in the far IR.
For the model studied by Vafa [5] the full UV completion would be more non-
trivial. We expect the UV to be a six-dimensional theory instead of a four-dimensional
one. A six-dimensional UV completion that allows no Landau poles in the presence
of fundamental flavors has not been constructed so far. In fact a proper study of fun-
damental flavors a-la [7] is yet to be done for this case. The F-theory [13, 14, 15] em-
bedding of this model would be crucial in analysing the full UV completion. However
some aspects of an intemediate UV behavior, for example cascading dynamics, have
been discussed in the past [12] where the cascade is likened to an infinite sequence
of flop transitions. The IR dynamics of the theory where we expect geometric tran-
sition to happen is actually the last stage in this sequence of transformations where
the flop is immediately followed by a conifold transition. At this point we should
expect the wrapped D5-branes to be completely replaced by fluxes (at least in the
absence of fundamental flavors) [12]. What happens in the presence of fundamental
flavors is rather subtle, and we will not discuss this here anymore. In fact we will
only concentrate on the last stage of the transition, namely, the geometric transition
in this paper. The intermediate cascading dynamics or the UV completion will be
discussed elsewhere [44].
Since the geometric transition leads to a confining theory, the corresponding
gauge dynamics is strongly coupled. Therefore the physics of this transition can be
captured exclusively by supergravity backgrounds. In some of our earlier works [17]
we managed to study this purely using the supergravity backgrounds in the local
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limit, meaning that the sugra background was studied around a specific chosen point
in the internal six-dimensional space. The reason for this was the absence of a known
globally defined supergravity solution of the wrapped D5-branes on the two-cycle of
the resolved conifold. The only known global solution i.e [18] was unfortunately not
supersymmetric (see [19, 20] for details) although it satisfied the type IIB EOMs. In
this paper, among other things, we will be able to solve this problem and provide
a fully supersymmetric globally defined solution for the wrapped D5-branes on a
certain resolved conifold. What we will argue soon is that the resolved conifold
should have a non-Ka¨hler metric to allow for supersymmetric solutions. This non-
Ka¨hlerity appears exactly from the back-reactions of the wrapped D5-branes.
Despite the absence of supersymetric solutions, in [17] we managed to show, at
least locally, the full geometric transitons in type II theories. The gravity duals for
the IR confining gauge theories on the wrapped D6-branes in type IIA and wrapped
D5-branes in type IIB were completely captured by non-Ka¨hler deformations of the
resolved and the deformed conifolds respectively. In this paper we will show that
globally under some simplifying assumptions this conclusion remains unchanged,
but generically these manifolds would become non-geometric (see [21] for a recent
discussion on this). In the following sub-section we will briefly review the state of
geometric transition using local supergravity analysis before we proceed to compute
the full global picture.
1.1 Geometric transition and supersymmetric solution
Let us begin with a bit of historical notes. The original study of open-closed string
duality in type II theory starts with D6 branes wrapping a three cycle of a non-
compact deformed conifold. Naively one might expect the deformed conifold to be a
complex Ka¨hler manifold with a non-zero three cycle. However as discussed earlier
in [17] this is not quite correct, and the manifold that actually would solve the string
equations of motion is a non-Ka¨hler deformation of the deformed conifold. It also
turns out that the manifold has no integrable complex structure, but only has an
almost complex structure. This is consistent with the prediction of [13].
However, as one may recall, in all our earlier papers we managed to study only
the local behavior of the manifolds. This is because the full global picture was hard
to construct, and any naive procedure always tend to lead to non-supersymmetric
solutions. In deriving the local metric, we took a simpler model where all the spheres
were replaced by tori with periodic coordinates (x, θ1) and (y, θ2). The coordinate z
formed a non-trivial U(1) fibration over the T 2 base. The replacement of spheres by
two tori was directly motivated from the corresponding brane constructions of [8],
where non-compact NS5 branes required the existence of tori instead of spheres in
the T-dual picture.
Locally the non-Ka¨hlerity of the underlying metric can be easily seen from its
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explicit form:
ds2IIA = g1
[
(dz − bzµ dxµ) + ∆1 cot θˆ1 (dx− bxθi dθi) + ∆2 cot θˆ2 (dy − byθj dθj) + ..
]2
+g2 [dθ
2
1 + (dx− bxθi dθi)2] + g3 [dθ22 + (dy − byθj dθj)2] + g4 sin ψ [(dx− bxθi dθi) dθ2
+ (dy − byθj dθj) dθ1] + g4 cos ψ [dθ1 dθ2 − (dx− bxθi dθi)(dy − byθj dθj)] (1.1)
where the coefficients gi and the coordinates θi, θˆi etc. are defined in [17]. The
background has non-trivial gauge fields (that form the sources of the wrapped D6
branes) and a non-zero string coupling (which could in principle be small).
Existence of such an exact supergravity background helps us to obtain the cor-
responding mirror type IIB background. One would expect that this can be easily
achieved using the mirror rules of [22]. It turns out however that the mirror rules of
[22], as discussed in [17], do not quite suffice. A detailed analysis of this is presented
in [17]. As discussed therein, we have to be careful about various subtle issues while
doing the mirror transformations:
(a) The mirror rules of [22] tells us that any Calabi-Yau manifold with a mirror
admits, at least locally, a T 3 fibration over a three dimensional base. This seems to
fail for the deformed conifold as it does not possess enough isometries to represent
it as a T 3 fibration. On the other hand, a resolved conifold does have a well defined
T 3 torus over a three-dimensional base, which can be exploited to get the mirror
(see also [23]). It also turns out that the T 3 torus is a lagrangian submanifold, so a
mirror transformations will not break any supersymmetry.
(b) Viewing the mirror transformation naively as three T-dualities along the T 3
torus does not give the right mirror metric. There are various issues here. The
rules of [22] tell us that the mirror transformation would only work when the three
dimensional base is very large. The configuration that we have is exactly opposite of
the case [22]. Recall that our configuration lies at the end of a much larger cascading
theory. By UV/IR correspondences, this means that the base manifold is very small.
Furthermore we are at the tip of the geometric transition and therefore we have to be
in a situation with very small base (in fact very small fiber too). In [17] we showed
that we could still apply the rules of [22] if we impose a non-trivial large complex
structure on the underlying T 3 torus. The complex structure can be integrable or
non-integrable. Using an integrable complex structure, we showed in [17] that we
can come remarkably close to getting the right mirror metric. Our conjecture there
was that if we use a non-integrable complex structure we can get the right mirror
manifold.
It seems therefore natural to start with the manifold that exhibits three isometry
directions — the resolved conifold. We can, however, not use the metric for D5
branes wrapping the S2 of a resolved conifold as derived in [18], because it breaks
all supersymmetry [19]. The metric that we proposed in [17] (where we kept the
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harmonic functions undetermined) is very close to the metric of [18] but differs in
some subtle way:
(a) The type IIB resolved conifold metric that we proposed in [17] is a D5 wrapping
a two cycle that preserves supersymmetry. We will discuss this issue in more detail
below.
(b) As explained in [17], our IIB manifold also has seven branes (and possibly orien-
tifold planes) along with the type IIB three-form fluxes. The metric constructed in
[18] doesn’t have seven branes but allows three-form fluxes.
The local behavior of the type IIB metric is expressed in terms of non-trivial complex
structures τ1 and τ2 as dz1 = dx− τ1dθ1 and dz2 = dy− τ2dθ2. The local metric then
reads
ds2 = (dz +∆1 cot θ1 dx+∆2 cot θ2 dy)
2 + |dz1|2 + |dz2|2 (1.2)
where all the warp factors can locally be absorbed in to the coordinate differentials.
In this formalism the metric may naively look similar to the one studied in [18] but
the global picture is completely different from the one proposed by [18]. Our aim in
this paper is therefore two-fold: to determine the full global picture (at least without
the inclusion of UV caps), and to follow the duality cycle that will lead us to analyse
geometric transitions in type II theories.
1.2 Organisation of the paper
The paper is organised as follows. In section 2 we start with geometric preliminaries
about the resolved conifold and the blown-up conifold. We then discuss the math-
ematical construction of a non-Ka¨hler resolved conifold with an SU(3) structure,
following [24]. The components of the metric of this SU(3) structure (which auto-
matically satisfy the torsional equations) are given in Appendix 1, and we use these
components to determine the metric of the wrapped D5-branes on the non-Ka¨hler
resolved conifold in section 4.2. Existence of an SU(3) structure will guarantee that
the solution we get is supersymmetric, and we discuss the issue of supersymmetry
further in section 4.1.
Sections 4.3 to 4.6 are the main sections where we compute the full geometric
transitions in the global framework using duality cycle that were used earlier in
[17]. In the full global picture the fluxes are very involved compared to the local
picture. We managed to work out all the fluxes in the type IIA mirror set-up. These
flux components are given in Appendix 2. It is necessary to track these fluxes
because they would eventually determine the non-Ka¨hler fibration structure in type
IIB theory discussed in section 4.6. We discuss the components of the metric in type
IIB after geometric transition in Appendix 3.
In the above discussion we have briefly alluded to the fundamental flavors. In
our model they appear from orientifolding the resolved conifold. The orientifolding
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is subtle, and we give a brief discussion of this in section 3. This orientifolding
will allow us to add seven-branes in type IIB and six-branes in the mirror type IIA
picture. The seven-branes should be embedded as in [18] or [26].
We end with a conclusion and a short discussion on the topics that we will study
in [44].
2. Mathematical constructions and SU(3) structures
The blown-up conifold describes one of the topologies that we will be using. We
will describe it as well as its relation to the resolved conifold which is more familiar
in string theory. These ideas are well known in algebraic geometry. Rather than
starting with the standard algebro-geometric constructions, we instead begin with
a description more suited to the description of an SU(3) structure. The algebro-
geometric description will follow.
2.1 The blown-up conifold
Let us begin by explaining how the blown-up conifold arises for us. The conifold is a
cone over S3×S2 [27], arising as a quotient (S3×S3)/U(1), with the U(1) diagonally
embedded and on each factor identified with the U(1) of the Hopf fibration S3 → S2.
If we take the self-product of the Hopf fibration S3 × S3 → S2 × S2 and mod out
by the diagonal U(1), we are left with a U(1) fibration S3 × S2 → S2 × S2 which
restricts to the Hopf fibration over either S2 factor.
In the geometry we will be using which supports the metric (4.15), the internal
space is a 6-manifold, the total space of a complex line bundle L with base S2 × S2
which is described in spherical coordinates (θi, φi) for i = 1, 2. The fiber is described
by an angular coordinate ψ describing the nontrivial U(1) bundle over S2 × S2 just
described. The U(1) bundle is completed to a complex line bundle by introducing
the radial coordinate r.
The topology of either the line bundle or the U(1) bundle is described completely
by its Chern class on S2 × S2. As noted above, the U(1) bundle restricted to either
S2 is the Hopf bundle S3, whose Chern class on S2 is well known to have degree −1.
So on S2 × S2, we learn that L has degrees (−1,−1).
We can now identify S2 with the complex projective line P1 and switch to the
language of algebraic geometry, whereby we see that the internal manifold X is the
total space of the line bundle O(−1,−1) on P1 ×P1.
This manifold appears as the blown-up conifold in algebraic geometry. Rather
than refer to known results, we prefer to directly identify X with the blown-up coni-
fold by describing the map from X to the conifold which shrinks P1×P1 (identified
with the zero section of L) to the conifold point.
We introduce homogeneous coordinates (u1, u2) and (v1, v2) on the respective
P1’s, and identify sections of L with functions on P1 × P1 which are homogeneous
– 6 –
of degree −1 with respect to (u1, u2) as well as with respect to (v1, v2). Thus a
point of X can be described by homogeneous coordinates (u1, u2, v1, v2, s), where s is
thought of as a section of L. The homogeneity is described by two C∗ actions whose
respective weights are (1, 1, 0, 0,−1) and (0, 0, 1, 1,−1).
The map from X to the conifold is realized by the map from X to C4 given by
(u1, u2, v1, v2, s) 7→ (u1v1s, u2v2s, u1v2s, u2v1s). (2.1)
If we introduce coordinates (x1, . . . , x4) on C
4, we see that the image of X
satisfies the equation
x1x2 − x3x4 = 0 (2.2)
of the conifold. Identifying P1×P1 with the zero section s = 0, we see that P1×P1
is collapsed to the conifold point (0, 0, 0, 0) as claimed.
When described by homogeneous coordinates as above, Calabi-Yau manifolds
are characterized by the condition that the sum of the weights is zero for any C∗.
Since the sum of the weights is one for either C∗, we conclude that the blown-up
conifold is not a Calabi-Yau manifold. We will also check this directly in the next
section by the adjunction formula.
2.2 The resolved conifold
We can relate the blown-up conifold to the more familiar resolved conifold. Rather
than blow down P1 × P1 to the conifold point as in (2.1), we can instead partially
blow down P1 ×P1 by projecting to one P1. This gives the usual resolved conifold.
Using the coordinates of the blown-up conifold introduced in Section 2.1, the
partial blowdown is described by
(u1, u2, v1, v2, s) 7→ (u1, u2, v1s, v2s), (2.3)
so that P1 × P1, identified with s = 0 as before, is mapped to (u1, u2, 0, 0, 0), and
P1 × P1 is projected to the first coordinate, as claimed. We let (z1, z2, z3, z4) be
homogeneous coordinates on the image of (2.3).
Only one C∗ remains nontrivial on (z1, z2, z3, z4), with weights (1, 1,−1,−1).
The image is the resolved conifold, the total space of O(−1) ⊕ O(−1) on P1. The
coordinates (z1, z2) can be identified with the homogeneous coordinates of P1, while
z3 and z4 are identified with sections on the respective copies of O(−1). The resolved
conifold is of course Calabi-Yau, which can be seen since the sum of the weights is 0.
We remark that we have taken a circuitous path to get from the blown-up conifold
to the more familiar resolved conifold, but we have reached the usual descriptions of
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the resolved conifold as either the total space of the bundle O(−1) ⊕ O(−1) on P1
or as a toric quotient of C4 by C∗ with weights (1, 1,−1,−1).
However, it is not the Calabi-Yau structure that is relevant in our model, but
rather a non-Ka¨hler structure. To construct this non-Ka¨hler structure, the holo-
morphic homogeneous coordinates are not particularly useful. At times it will be
useful to describe the resolved conifold as a symplectic quotient, or equivalently as
the space of vacua of a U(1) gauge theory with four scalar fields with U(1) charges
(1, 1,−1,−1), whose vevs are identified with (z1, z2, z3, z4). There is an FI term u,
which we take to be positive. If we take u < 0, we get the flopped version of the
resolved conifold.
So the resolved conifold can be described by
|z1|2 + |z2|2 − |z3|2 − |z4|2 = u (2.4)
modulo the U(1) action.
We can see directly from this description that the resolved conifold is smooth.
We can for example describe the patch in which z1 6= 0 by the complex coordinates
(z2, z3, z4) and solve (2.4) by
z1 =
√
u− |z2|2 + |z3|2 + |z4|2. (2.5)
Note that in (2.5) we have fixed the gauge by choosing the positive real solution of
(2.4), so that (z2, z3, z4) are in fact local coordinates. However, they are in no sense
to be considered as holomorphic coordinates since (2.5) is not holomorphic.
We now turn to the holomorphic description. Start with the conifold singularity
X with equation
x1x2 − x3x4 = 0
which we denote by f = 0. The usual resolved conifold X ′ can be described as the
submanifold of C4 ×P1 with equations which we informally write as
x1
x3
=
x4
x2
=
y2
y1
,
or more formally as
x1x2 − x3x4 = 0, x1y1 = x3y2, x4y1 = x2y2.
In the above, (y1, y2) are the homogeneous coordinates on P
1.
If x = (x1, x2, x3, x4) 6= (0, 0, 0, 0), then there is a unique solution for y = (y1, y2),
so that X and X ′ are isomorphic away from the origin. If however, x = 0, then y is
unconstrained and we replace the origin by a P1 to form X ′ from X .
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This P1 can be flopped to produce another resolved conifold X ′′. The flop can
be realized directly by the equations
x1
x4
=
x3
x2
=
y2
y1
.
X ′ and X ′′ are isomorphic in this local model, but in global models X ′ and X ′′
containing a resolved conifold and its flop respectively, the Calabi-Yaus X ′ and X ′′
need not be isomorphic.
In this paper, we use the model where both P1’s are introduced simultaneously.
This is accomplished by the algebro-geometric construction of blowing up the coni-
fold, which complements our description in Section 2.1. We introduce a P3 with
homogeneous coordinates (y1, y2, y3, y4) and the blowup X˜ is constructed as the sub-
manifold of C4 ×P3 with equation informally expressed as
(x1, x2, x3, x4) = (y1, y2, y3, y4).
As before, if x 6= 0 then there is a unique solution for y and so X˜ is isomorphic
to X away from the origin. If x = 0, there are more solutions, but now there is a
constraint y1y2 = y3y4. This is a quadric surface in P
3, isomorphic to P1 × P1 by
the isomorphism
((u1, u2), (v1, v2)) 7→ (u1v1, u2v2, u1v2, u2v1).
Note that the blown-up conifold X˜ is not Calabi-Yau, but we can realize this
within string theory by turning on an appropriate flux.
We consider the holomorphic 3-form Ω on X given by the usual residue construc-
tion
Ω =
dx2 ∧ dx3 ∧ dx4
∂f/∂x1
=
dx2 ∧ dx3 ∧ dx4
x2
and pull it back to a holomorphic 3-form Ω˜ on X˜. To see that X˜ is not Calabi-Yau,
it suffices to show that Ω˜ vanishes somewhere on X˜ . It suffices to compute in one
coordinate patch, say where x1 6= 0. In this patch, (x1, y3, y4) are local coordinates.
To see this, we may set y1 = 1, and then we use yi = xi/x1 for i = 2, 3, 4 to compute
x2 = x1y3y4, x3 = x1y3, x4 = x1y4.
In these coordinates, we have Ω˜ = x1dx1 ∧ dy3 ∧ dy4, which clearly vanishes on the
surface x1 = 0. Thus X˜ is not Calabi-Yau.
For later use, note that in this coordinate patch, if x1 = 0 then necessarily
x2 = x3 = x4 = 0 as well. Thus x1 = 0 is the local equation of the exceptional
P1 ×P1 of X˜ , which we denote by E.
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Alternatively we can see the same result by the adjunction formula [28], which
says that for any hypersurface H in a complex manifold M , we have KH = (KM +
[H ]) |H .
We realize X˜ as a hypersurface in the blowup of C4 at a point and apply the
adjunction formula.
Let E ′ be the P3 which is the exceptional divisor of the blowup Z of C4 at the
origin; then KZ = 3E
′ [28]. Then the adjunction formula yields
KX˜ =
(
KZ + X˜
)
|X˜ .
Now X˜ is obtained by subtracting off the exceptional divisor from the pullback
of X via the blowup. Since X has a multiplicity 2 singularity at the origin, the
pullback of X actually contains the exceptional divisor E ′ with multiplicity 2. Since
2E ′ has to be subtracted off to obtain X˜, we conclude that X˜ has divisor class −2E ′.
We conclude that
KX˜ = (3E
′ − 2E ′) |X˜ = E ′|X˜ = E,
so that KX˜ is nontrivial and X˜ is not Calabi-Yau.
This is consistent with the explicit calculation. Since x1 = 0 defines the excep-
tional divisor E, the fact that Ω˜ vanished precisely on E tells us that KX˜ = E.
2.3 A1 fibered geometry
We start with the blown up A1 geometry fibered over the complex numbers with
parameter x4 ∈ C. The equation is just the A1 equation
x1x2 − x23 = 0 (2.6)
and the blowup is performed by introducing a P1 with homogeneous coordinates
(y1, y2) and imposing the equations
x3
x1
=
x2
x3
=
y2
y1
,
or more formally
x3y1 = x1y2, x2y1 = x3y2. (2.7)
Note that x4 does not appear explicitly, and can be interpreted as a parameter for
the location of P1. The P1 corresponding to x4 = φ will be written as Cφ.
For later use, the normal bundle of Cφ is OCφ ⊕OCφ(−2).
We now deform this geometry with deformation parameter t:
x1x2 − x23 + t2x2n4 = 0 (2.8)
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and the blowup is performed by introducing a P1 with homogeneous coordinates
(y1, y2) and imposing the equations
x3 − txn4
x1
=
x2
x3 + tx
n
4
=
y2
y1
.
This geometry corresponds to the superpotential W (φ) = tφn+1/(n + 1). Note
that for t = 0 we have W (φ) ≡ 0, and the curve Cφ is holomorphic for all φ. For
t 6= 0, we have W ′(φ) = tφn, and Cφ only persists holomorphically for φ = 0. To see
this, the requirement is
x3 − tφn = x1 = x2 = x3 + tφn = 0,
which implies that φn = 0.
The superpotential can be obtained by integrating the holomorphic 3-form Ω =
dx2dx3dx4/x2 over a three chain Γ connecting C0 to Cφ. This can be reinterpreted
in terms of the relative homology class of Γ. The same relatively cohomology group
can be realized after blowing up C0 and Cφ.
Initially putting t = 0, the blowup of C0 has exceptional divisor isomorphic to
the Hirzebruch surface F2. A similar blowup can be performed on Cφ.
The Hirzebruch surface F2 deforms if φ = 0 but not otherwise. If n > 1, the
deformed surface is still F2. If n = 1, then the deformed surface is P
1 ×P1.
If desired, a toric description of the blowup can be given. The A1 surface sin-
gularity is a toric variety whose fan has a single two-dimensional cone with edges
spanned by (1, 0) and (1, 2). The singularity gets resolved by inserting an extra edge
(1, 1) = (1/2)((1, 0) + (1, 2). This resolved A1 gets fibered over C in the usual way:
by adding another coordinate, appending a zero to the coordinates of the vectors
spanning the edges, and adding the new coordinate vector. Hence the fan has edges
spanned by
(1, 0, 0), (1, 1, 0), (1, 2, 0), (0, 0, 1).
The curve C0 corresponds to the 2-dimensional cone spanned by (1, 1, 0) and
(0, 0, 1), so C0 gets blown up by inserting a new edge spanned by (1, 1, 1) = (1, 1, 0)+
(0, 0, 1). In summary, the toric variety has edges
(1, 0, 0), (1, 1, 0), (1, 2, 0), (0, 0, 1), (1, 1, 1).
2.4 SU(3) structure
We follow [24] which gives a general procedure for constructing string compactifica-
tions on toric varieties via a method for producing SU(3) structures. Any SU(3)
structure arises as a string compactification [25].
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We apply the method to the resolved conifold. The method was designed to
apply to compact toric varieties, but since the method has a local character, it may
be applied to the resolved conifold. We set ourselves to that task.
For the convenience of the reader, we collect some facts about SU(3) structures.
An SU(3) structure on a 6-manifoldM is determined by a complex decomposible
3-form Ω and a real 2-form J which are related by
Ω ∧ J = 0, Ω ∧ Ω = −4i
3
J ∧ J ∧ J. (2.9)
At each point p ∈M , we can find complex cotangent vectors dz1, dz2, dz3 so that
Ω = dz1 ∧ dz2 ∧ dz3 at p. The first condition of (2.9) and the reality of J imply that
we can “diagonalize” J , writing it as
J =
i
2
(
a1dz
1 ∧ dz1¯ + a2dz2 ∧ dz2¯ + a3dz3 ∧ dz3¯
)
for some real constants ai, while retaining the form of Ω. Then the second condition
of (2.9) implies that we can rescale the dzi so that
J =
i
2
(
dz1 ∧ dz1¯ + dz2 ∧ dz2¯ + dz3 ∧ dz3¯
)
(2.10)
while Ω = dz1 ∧ dz2 ∧ dz3 still holds.
There is still the freedom of multiplying the dzi by phases whose product is 1.
These coordinates determine a Euclidean metric gij¯ = i/2 at p, which is inde-
pendent of the phase ambiguity.
This pointwise analysis extends to all of M , showing that the data of Ω and J
satisfying (2.9) completely determines a metric, the metric associated with an SU(3)
structure.
There is an explicit procedure to calculate the metric directly from Ω and J .
The first step is to calculate the (not necessarily integrable) complex structure I. In
pointwise Euclidean coordinates at p, the complex structure I is the standard one.
But it can be computed intrinsically following [29] as follows1.
First define an unnormalized complex structure by
I˜kj = ǫ
klmnop (ReΩ)jlm (ReΩ)nop , (2.11)
where ǫ is the completely antisymmetric tensor. It is shown in [29] that I˜2 is a
diagonal matrix with negative real entries. Then
I =
I˜√
−1
6
TrI˜2
(2.12)
1For more details on the following analysis, and also to connect to recent conifold literature the
readers may refer to [30] and references therein.
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is the desired complex structure.
From here, the metric is determined by
gij = I
k
j Jki. (2.13)
From the definitions, Ω has type (3, 0) and J has type (1, 1) in the complex structure
I. If (g, I) determines a Ka¨hler structure, then J is just the usual Ka¨hler form.
We also quickly review the method of [24] while applying it to the resolved
conifold. A general method is developed for producing SU(3) structures on three-
dimensional complex toric varieties, by producing an Ω and J satisfying (2.9). The
novel ingredient is to produce a (1, 0) form on complex Euclidean space satisfying
certain conditions, and then then SU(3) structure is determined by formulae.
We recall that the resolved conifold has been described as a quotient of C4 by the
C∗ with weights Q = (1, 1,−1,−1). So it suffices to produce a (1, 0) form K = Kidzi
on C4 satisfying (3.15), (3.16) and the normalization condition (3.18) of [24]. We
interpret these conditions in concrete terms.
The condition (3.15) is equivalent to QiziKi = 0. The condition (3.16) says that
K has half the U(1) charge as the holomorphic volume form ΩC = dz
1 · · · dz4 of
C4, which is zero in this case. Our normalization condition is
∑ |Ki|2 = 1, slightly
different from (3.18) but we will adjust for it later.
An obvious solution is
K =
z3dz1 + z1dz3 + z4dz2 + z2dz4
|z| . (2.14)
We now compute the SU(3) structure, following the formulas in [24]. We first
construct the standard SU(3) structure on the resolved conifold before modifying it.
The C∗ action on C4 is generated by
V = z1∂z1 + z
2∂z2 − z3∂z3 − z4∂z4 (2.15)
and then the standard Calabi-Yau 3-form is
Ω˜ = iVΩC (2.16)
= z1dz2 ∧ dz3 ∧ dz4 − z2dz1 ∧ dz3 ∧ dz4 − z3dz1 ∧ dz2 ∧ dz4 + z4dz1 ∧ dz2 ∧ dz3.
The Ka¨hler form J˜ of the resolved conifold arises by modifying the Ka¨hler form of
C4
JC =
i
2
4∑
i=1
dzi ∧ dz i¯ (2.17)
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by putting
η = z¯1dz1 + z¯2dz2 − z¯3dz3 − z¯4dz4, (2.18)
with the coefficients coming from the weights, and then putting
J˜ =
1
|z2|
(
JC − i
2
η ∧ η¯
)
. (2.19)
Note that η respects the U(1) action but not the C∗ action. So from this point
forward, we have to understand differential forms as U(1)-invariant forms, subject
to the D-term constraint (2.4). In particular, the Ka´hler form implicitly depends on
the FI parameter u, as it must.
We now use K to modify Ω˜ and J˜ , effectively replacing K by K¯ throughout.
An auxiliary SU(2) structure is created, characterized by two-forms ω and j
satisfying
ω ∧ j = 0, ω ∧ ω¯ = 2j ∧ j, (2.20)
where
j = J˜ − i
2
K ∧ K¯ (2.21)
and ω is given by
ωij = −2K¯lηml¯Ω˜mij , (2.22)
where η is the Euclidean metric on C4. The prefactor of 2 here on the right-hand
side of (2.22) is not present in [24] but is required by our normalization condition for
K.
From here, we get a 2-parameter family of SU(3) structures given by
J = aj − ib
2
2
K ∧ K¯, Ω = abK¯ ∧ ω. (2.23)
Using (2.20), it is immediate to see that J and Ω satisfy the conditions (2.9) for an
SU(3) structure.
There is an extra phase parameter for Ω in [24], but we supress it here since
the metric does not depend on this phase. In Appendix 1 we write down all the
components of the metric.
3. T-duality and Orientifold Projection
The blown-up conifold that we discussed above, has a product structure of P1 ×P1
and we would like to discuss the T-duality to a IIA model. Our final aim is to see
how orientifold projection effects the T-duality. To do so we first review the case of
[31] for the resolution of a deformed A2 singularity. This involves a natural way to
introduce two P1 cycles.
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3.1 Brief review of the deformed A2 case
Let us consider the singular space X0 realized as:
xy = (u− t0(z))(u− t1(z))(u− t2(z)) , (3.1)
where x, y, u, z are the affine coordinates of C4 and tj(z) are polynomials.
The affine variety (3.1) has A1 singularities at x = y = 0 and z one of the double
points of the planar algebraic curve:
Σ0 : (u− t0(z))(u− t1(z))(u− t2(z)) = 0 . (3.2)
The curve has 3 components Cj given by u = tj(z), each a section of the A2 fibration
(3.1).
The resolved space Xˆ can be described explicitly as follows. Consider two copies
of P1 with homogeneous coordinates [u1, u2] and [v1, v2], respectively, and local affine
coordinates ξ1 := u1/u2, ξ2 := v1/v2. Then Xˆ is realized as :
u2(u− t0(z)) = u1x
v1(u− t1(z)) = v2y (3.3)
The IIA construction is obtained by performing a T-duality with respect to the
following U(1) action on Xˆ , which we denote by
([u1, u2], [v1, v2], z, u, x, y)
ρˆ(θ)−→ ([e−iθu1, u2], [v1, eiθv2], z, u, eiθx, e−iθy) . (3.4)
This projects as follows on the singular space X0:
(z, u, x, y)
ρ0(θ)−→ (z, u, eiθx, e−iθy) . (3.5)
In the type IIB set-up, we consider the case
t0(z) = t(z)
t1(z) = t(−z) (3.6)
t2(z) = −t(z) − t(−z) .
In this situation, the resolution Xˆ admits a Z2 symmetry κˆ given by:
([u1, u2], [v1, v2], z, u, x, y)
κˆ−→ ([−v2, v1], [−u2, u1],−z, u,−y,−x) (3.7)
which acts as follows on the affine coordinates ξj of the two P
1 factors:
ξ1 ←→ −1/ξ2 (3.8)
and projects to the following involution κ0 of X0:
(z, x, y, u)
κ0−→ (−z, − y, − x, u) . (3.9)
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3.2 The blown-up conifold case
We now use two P1 cycles but in the blown-up conifold. In this situation we have
([u1, u2], [v1, v2], x1, x2, x3, x4)
ρˆ(θ)−→ ([e−iθu1, u2], [v1, eiθv2], x1, x2, eiθx3, e−iθx4) .
(3.10)
This projects as follows on the singular space X0:
(x1, x2, x3, x4)
ρ0(θ)−→ (x1, x2, eiθx3, e−iθx4) . (3.11)
The Z2 symmetry κˆ is given in the homogeneous coordinates (u
1, u2, v1, v2, s) by:
(u1, u2, v1, v2, s)
κˆ−→ (−v2, v1,−u2, u1, s) (3.12)
which projects on X0 as:
(x1, x2, x3, x4)→ (x2, x1,−x3,−x4) (3.13)
as is seen from (2.1).
The action on the homogeneous coordinates yi of P
3 is then given by
(y1, y2, y3, y4)→ (y2, y1,−y3,−y4) (3.14)
and the action on Ω is Ω→ −Ω.
What is the difference between the orientifold of [31] and the current one? The
orientifold of [31] was an O5 orientifold extended on directions orthogonal to the
D5 branes wrapped on P1 cycle. After the T-duality, the involution determined an
inversion of the radial direction of the S1 which implied that the orientifold became
an O6 plane.
In the current example, the orientifold extends along the direction s of the com-
plex line bundle L but also needs to as an inversion on the P1×P1 fiber which means
that it wraps a 2-dimensional surface in the P1 × P1 fiber. Therefore we have O7
planes with the action as before.
4. Analysis of the global picture and the cycle of geometric
transitions
With all the mathematical construction at hand, it is time now to discuss the ge-
ometrical aspect of the problem i.e the supergravity metric and the fluxes in type
II theories. Our starting point would be the issue of supersymmetry in the usual
resolved conifold background with fluxes and branes in type IIB background. Once
we obtain this, it will prepare us for all the subsequent stages of the duality cycle for
the geometric transition [17].
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4.1 Analysis of the global picture in type IIB
From our earlier works we know that there are two ways of extending our local
configuration of [17] to study supersymmetric cases in the full global picture:
(a) The full global geometry is a six-dimensional Ka¨hler manifold with F-theory
seven-branes distributed in some particular way. These seven-branes contribute to
massive fundamental flavors in the gauge theory. Orientation of these seven-branes
are the generalised version of the Ouyang [7] (or the Kuperstein [26]) embeddings.
(b) The full global geometry is non-Ka¨hler with or without F-theory seven-branes.
The seven-branes could be embedded in this picture via Ouyang or the Kuperstein
embedding, which in turn would provide fundamental matters in the gauge theory.
In fact the possibility of such a global completion was already hinted in the second
paper of [17].
Let us see how from our local picture studied in [17] these two possibilities can be
realised. In the first paper of [17], the local metric was argued to be of the following
form2:
ds2 = dr2 +
(
dz +
√
γ′
γ
r0 cot 〈θ1〉 dx+
√
γ′
(γ + 4a2)
r0 cot 〈θ2〉 dy
)2
+
+
[
γ
√
h
4
dθ21 + dx
2
]
+
[
(γ + a2)
√
h
4
dθ22 + dy
2
]
+ .... (4.1)
where all the coefficients are measured at a fixed chosen point (r0, 〈ψ〉, 〈φi〉, 〈θi〉). For
more details see [17]. The local BNS field was taken to be:
BNS = bxθidx ∧ dθi + byθidy ∧ dθi (4.2)
where i = 1, 2. The above background is invariant under the orbifold operation:
Ixy : x → − x, y → − y (4.3)
2The local metric (4.1) that we consider here is that of a supergravity background studied
around a specific chosen point in the internal six-dimensional space. For example we choose a point
(r0, 〈θi〉, 〈φi〉, 〈ψ〉) in [17] which is away from the r = 0 conifold point. This is because the full
global picture was hard to construct, and any naive procedure always lead to non-supersymmetric
solutions. In deriving the local metric, we took a simpler model where all the spheres were re-
placed by tori with periodic coordinates (x, θ1) and (y, θ2). The coordinate z formed a non-trivial
U(1) fibration over the T 2 base. Here (r, x, y, z, θ1, θ2) is the coordinate of a point away from
(r0, 〈φ1〉, 〈φ2〉, 〈ψ〉, 〈θ1〉, 〈θ2〉). The replacement of spheres by two tori was directly motivated from
the corresponding brane constructions of [8], where non-compact NS5 branes required the existence
of tori instead of spheres in the T-dual picture. On the other hand the term global means roughly
adding back the curvature, warping, etc., replacing tori by spheres, so that at the end of the day, we
have a supersymmetric solution to the equations of motion. The purpose of this paper is to exactly
fill in the long-awaited gap, i.e to provide the full global picture of geometric transition. Note also
that the only known global solution, i.e [18], before our work was unfortunately not supersymmetric
(see [19], [20] for details) although it satisfied the type IIB EOMs.
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and therefore can support D7/O7 states at the following orientifold points:
T2
Ixy Ω (−1)FL (4.4)
It is interesting to note that, at the orientifold point, a component like bxy is projected
out. However the orientifold projection may allow components like bxz, byz which
could in principle make our mirror manifold non-geometric. In the local picture
advocated in [17] we only see components like (4.2) so the local mirror is non-Ka¨hler
and geometric.
More interestingly, the orientifolding operation (4.4) allows, along with the wrapped
D5-branes, the D7-branes and O7-planes along the internal directions (r, z, θ1, θ2) lo-
cated at the four fixed points of the torus T2 along (x, y) directions. Therefore, in
the local picture, a possible susy preserving Ouyang-type configuration would be D5-
branes wrapped on the two-torus (θ2, φ2) and the seven branes wrapping (θ1, θ2, ψ)
and stretched along the radial direction r. On the other hand, globally in a resolved
conifold background the seven-branes are in a configuration that is the union of
branch 1 and branch 2 (see [7, 32, 10, 11] for details). Recall that in branch 1 the
seven-branes wrap the P1 parametrised by (θ2, φ2) and are embedded along (r, ψ)
directions at a point on the other P1 parametrised by (θ1, φ1); whereas in branch 2
the seven-branes are at a point on the P1 parametrised by (θ2, φ2). Thus globally
a susy configuration of seven-branes is a two-dimensional surface in P1 × P1 and
stretched along (r, ψ) directions determined by the appropriate embedding equation.
Therefore in the local limit the two-dimensional susy preserving surface in T2 ×T2
should be the two-cycle parametrised by (θ1, θ2) as prescribed in [17].
Away from the orientifold point, the local metric takes the following fibration
form:
ds2 = h−1/2ds20123 + γ
′√h dr2 + (dz +∆1 cot θ1 dx+∆2 cot θ2 dy)2 +
+
(
γ
√
h
4
dθ21 + dx
2
)
+
(
(γ + 4a2)
√
h
4
dθ22 + dy
2
)
H3 = dJ1 ∧ dθ1 ∧ dx+ dJ2 ∧ dθ2 ∧ dy
F5 = K(r) (1 + ∗) dx ∧ dy ∧ dz ∧ dθ1 ∧ dθ2 (4.5)
F3 = c1 (dz ∧ dθ2 ∧ dy − dz ∧ dθ1 ∧ dx)
with additional axio-dilaton that appear from the seven-brane sources. The above
form of orientifold projection only allows a non-trivial fibration structure away from
the orientifold point. However there exist another orientifold operation that may be
more well suited at the orientifold point. This can be applied locally via:
Ixθ1 : x → − x, θ1 → π − θ1 (4.6)
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The above action gives rise to the following orientifold action:
T2
Ixθ1 Ω (−1)FL
(4.7)
that will keep the wrapped D5 branes only if they are away from the orientifold
point unless of course they exist as bound states with the seven-branes at the orien-
tifold point. In addition there is the BNS field with the following components at the
orientifold point:
BNS = bxθ2 dx ∧ dθ2 + byθ1 dy ∧ dθ1 + bxy dx ∧ dy + bxz dx ∧ dz +
brx dr ∧ dx+ brθ1 dr ∧ dθ1 + bθ1θ2 dθ1 ∧ dθ2 + bzθ1 dz ∧ dθ1 (4.8)
which means that at the orientifold point not only is the IIB metric non-trivial,
the mirror can also be non-Ka¨hler and non-geometric. The seven-branes and the
orientifold-planes are parallel to the wrapped D5-brane bound states3. In the follow-
ing we will argue how susy is preserved in the global set-up when the seven-branes are
moved away from the wrapped D5 branes. This is the case where the fundamental
hypermultiplets are infinitely massive and therefore susy remains unbroken at the
scale that we want to study.
The naive global extension of the above configuration along the lines of [18] will
lead to a non-susy configuration. This is because we have assumed that the global
extension of a configuration like (4.5) is Ka¨hler in the presence of a BNS field like (4.2)
away from the orientifold point. The simplest global extension that we will study
here as the starting point for the IIB geometric transition is a non-Ka¨hler manifold
with D5-branes wrapping two cycles of this manifold. Of course it may be possible to
add other branes and fluxes to make the ambient space conformally Ka¨hler, but we
will not do so here. We will use the following set of duality transformations, recently
proposed by [33] (see also figure 1), to get our type IIB intial configuration.
• Our starting point would be a non-Ka¨hler type IIB metric with a background
dilaton φ and NS three-form H3 that satisfies the standard relation H3 = e
2φ ∗
d(e−2φJ) with J being the fundamental (1,1) form.
• On this background we perform a S-duality that transforms the NS three-form to
RR three-form F3, and in the process converts the dilaton to −φ without changing
the metric in the Einstein frame.
• We now make three T-dualities along the spacetime directions x1,2,3 that takes us
to type IIA theory. Observe that this is not the mirror construction.
• We lift the type IIA configuration to M-theory and perform a boost along the
eleventh direction. This boost is crucial in generating D0-brane gauge charges in
M-theory.
3These are in fact the dipole-deformed bound states studied in the last paper of [17].
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• A dimensional reduction back to IIA theory does exactly what we wanted: it
generates the necessary number of D0-brane charges from the boost, without breaking
the underlying supersymmetry of the system.
• Once we have the IIA configuration, we go back to type IIB by performing the three
T-dualities along x1,2,3 directions. From the D0-branes, we get back our three-brane
charges namely the five-form. The duality cycle also gives us NS three-form H3 as
well as the expected RR three-form F3. Therefore the final configuration is exactly
what we required for IR geometric transition: wrapped D5s with necessary sources
on a non-Ka¨hler globally defined “resolved” conifold background. Also as expected,
the background preserves supersymmetry and therefore should be our starting point.
This background should also be compared with the one given in [18] that solves the
EOM but does not preserve supersymmetry. In figure 1, we illustrate the above
dualities. To start off, we switch on a non-trivial background dilaton φ and a NS
Figure 1: This figure illustrates the series of dualities that we used to generate the full
supersymmetric background with non-trivial fluxes.
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three-form HNS on a background outlined by the following metric:
ds2 = h1/2eφds˜20123 + h
−1/2eφds26 (4.9)
where note that we can choose the dilaton φ appropriately so that in the string frame
the spacetime metric may not have a warp factor. This will be consistent with the
last reference of [25]. We have defined the other variables in the following way:
h =
e−2φF−40
e−2φh−2F−40 cosh
2β − sinh2β , ds˜
2
0123 = F0ds
2
0123 (4.10)
ds26 = F1 dr
2 + F2(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
2∑
i=1
F2+i(dθ
2
i + sin
2θidφ
2
i )
with β being an arbitrary constant, Fi ≡ Fi(r), i = 1, ..., 4 are functions of the radial
coordinate for simplicity and F0 = F0(r, θ1, θ2) since this is unconstrained. Observe
that in the first equation of (4.10), h appears on both sides, and once we put in the
value of the dilaton we can determine the warp factor h. For our case the dilaton
will take the following form:
φ = − log F0 − 1
2
log h (4.11)
so that the starting metric in IIB, that preserves spacetime supersymmetry, becomes:
ds2 = ds20123 +
(
1 + F 20 sinh
2β
F0cosh
2β
)
ds26 (4.12)
In general we will continue keeping the dilaton φ in the metric components to get
the general torsion classes for the background (see the analysis in [16]). We also
expect Fi to be functions of all the internal coordinates. We will give an example of
this soon when we derive a more precise initial metric. For the time being we will
consider (4.9) to be our starting point. Also to preserve supersymmetry4, we expect:
HNS = e
2φ ∗ d (e−2φJ) (4.13)
with the appropriate dilaton. Here J is the fundamental form associated with the
metric, and we can choose to impose one of the following two conditions on the NS
three-form:
dHNS ≡ d ∗ dJ − d ∗ (dφ ∧ J) = sources
dHNS ≡ d ∗ dJ − d ∗ (dφ ∧ J) = α′(tr R ∧R − Tr F ∧ F ) (4.14)
The first condition is what we require here. This will give rise to the IR wrapped
D5 branes theory on non-Ka¨hler resolved conifold set-up (after the chain of dualities
4Or, equivalently, preserving SU(3) structure.
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mentioned above). The latter case will be for the heterotic theory. We can use the
non-closure of HNS to study not only the vector bundles F on the heterotic side, but
also the possibility of geometric transition in the heterotic theory! We have alluded
to this possibility in our earlier papers [17] (see also [35]). We have completed that
side of the story in our follow-up paper [16].
Now following the chain of dualities mentioned above, we can get the following
type IIB background5:
F3 = h cosh β e
2φ ∗ d (e−2φJ) , H3 = −hF 20 sinh β e2φd (e−2φJ)
F5 = −1
4
(1 + ∗)dA0 ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3, φnow = −φ (4.15)
ds2 = F0ds
2
0123 + F1 dr
2 + F2(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
2∑
i=1
F2+i(dθ
2
i + sin
2θidφ
2
i )
which is, by construction, supersymmetric and since the RR three-form F3 is not
closed it represents precisely the IR configuration of wrapped D5-branes on warped
non-Ka¨hler resolved conifold. The above set of equations (4.15) is one of our main
results, and as promised in the introduction, provides the fully supersymmetric glob-
ally defined solution for the wrapped D5-branes on a non-Ka¨hler resolved conifold.
Note that we have left the warp factors Fi undetermined in (4.15). This means that
there is a wide range of choices for Fi related to various gauge theory deformations.
This is closely related to a similar class of solutions illustrated in figure 3 of [16].
Thus the procedure will be to identify certain set of {Fi} related to deformations in
N = 1 YM theory, and then our duality chain will reproduce the gravity dual of this
YM configuration. One may also refer to a recent class of solutions studied in [34]
with a given choice of {Fi}.
Finally, the five-form is switched on to satify the equation of motion with
A0 =
cosh β sinh β(1− e2φh−2F−40 )
e−2φh−2F−40 cosh
2β − sinh2β
= (F 20 − 1)tanh β
[
1 +
(
1− F 20
F 20
)
sech2β +
(
1− F 20
F 20
)2
sech4β
]
(4.16)
The above equation (4.15) is our starting metric, whose local forms we studied in
details in [17], and therefore should be taken instead of the metric derived in [18].
The ISD condition for our case gets modified to the following condition on the fluxes:
cosh β H3 + F
2
0 sinh β ∗ F3 = 0 (4.17)
5Due to an unfortunate choice of notation, the RR three-form and the third warp factor have
the same notation of F3 (as this is the standard way to represent them!). However since we use F3
to mostly denote the third warp factor, we hope that there will be no confusion.
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which may be compared to [33]. Our derivation could also solve the long standing
problem of finding the supersymmetric configuration of wrapped D5-branes on a
resolved conifold set-up.
4.2 More explicit type IIB background before geometric transition
In the above section we saw how one could derive the precise intial metric that not
only serves as starting point for geometric transition, but is also supersymmetric.
One may make this more specific by solving the SU(3) structure condition specified
in section 2.4. This is worked out in Appendix 1. The metric derived this way has
many non-trivial components compared to our initial ansatze (4.15). This is not a
problem in itself, because we can always do some coordinate transformations to bring
the metric to a form that doesn’t have components like grµ where µ = θi, φi, ψ. But
the metric will have other non-trivial cross-terms. It may be possible to make further
coordinate transformations to bring the above metric in a form that closely resembles
(4.15), but we will not pursue this here as this doesn’t change the underlying physics.
Instead we will continue using the background (4.15) and assume that the values of
the coefficients Fi are to be fixed using our above metric configuration
6. Other
possible cross-terms, not considered in (4.15), will only make the IIA background
more non-trivial without revealing new physics7. Henceforth our starting point would
be (4.15) with the assumption that the coefficients are to be derived from the metric
discussed in the above subsection. Once we know the metric, we can follow up the
steps described earlier to compute the three-forms. The NS three-form H3 has the
form:
H3
hF 20 sinh β
= +
[
k2(2φθ1
√
F1F2 cos θ1 +
√
F1F2 sin θ1 + 2φrF3 sin θ1 − F3r sin θ1)
− 2kF3kr sin θ1 − 2k
√
F1F2kθ1 cos θ1
]
dr ∧ dθ1 ∧ dφ1
+
[
k2(2φθ2
√
F1F2 cos θ2 +
√
F1F2 sin θ2 + 2φrF4 sin θ2 − F4r sin θ2)
− 2kF4kr sin θ2 − 2k
√
F1F2kθ2 cos θ2
]
dr ∧ dθ2 ∧ dφ2
− 2k
√
F1F2
[
(kφθ1 − kθ1)(dr ∧ dψ ∧ dθ1 − cos θ2dr ∧ dθ1 ∧ dφ2)
+ (kφθ2 − kθ2)(dr ∧ dψ ∧ dθ2 − cos θ1dr ∧ dθ2 ∧ dφ1)
]
− 2kF3 sin θ1(kφθ2 − kθ2)dθ1 ∧ dθ2 ∧ dφ1
+ 2kF4 sin θ2(kφθ1 − kθ1)dθ1 ∧ dθ2 ∧ dφ2 (4.18)
where k2(r, θ1, θ2) = h
−1/2eφ, and we have defined φα ≡ ∂αφ with α = θi, r as
φ ≡ φ(r, θ1, θ2) for simplicity. A constant φ is not good for us, and also leads to
6See also [35] where a non-Ka¨hler metric on the resolved conifold is studied. It would be inter-
esting to compare the metric of [35] with the metric components given in Appendix 1.
7We have justified this claim in [16] where we explicitly computed the torsion classes for the
background (4.9), (4.11) and (4.13) to argue for supersymmetry. See section 3.1 of [16].
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Figure 2: The duality map to generate the full geometric transitions in the supersymmetric
global set-up of type IIA and type IIB theories.
certain issues detailed in [37]. Once we have H3, we can get dH3 as:
dH3
sinh β
= k
[
F3 sin θ1(4hkrφθ2 − 4hkθ2φr + 2hθ2kr − 2hrkθ2 + 2khrφθ2 − 2khθ2φr)√
F1F2 cos θ1(4hkθ1φθ2 − 4hkθ2φθ1 + 2hθ2kθ1 − 2hθ1kθ2 + 2khθ1φθ2 − 2khθ2φθ1)
−(
√
F1F2 − F3r)(2hkφθ2 + hθ2k) sin θ1
]
dr ∧ dθ2 ∧ dθ1 ∧ dφ1
+k
[
F4 sin θ2(4hkrφθ1 − 4hkθ1φr + 2hθ1kr − 2hrkθ1 + 2khrφθ1 − 2khθ1φr)√
F1F2 cos θ2(4hkθ2φθ1 − 4hkθ1φθ2 + 2hθ1kθ2 − 2hθ2kθ1 + 2khθ2φθ1 − 2khθ1φθ2)
−(
√
F1F2 − F4r)(2hkφθ1 + hθ1k) sin θ2
]
dr ∧ dθ1 ∧ dθ2 ∧ dφ2
+2k
√
F1F2
[
hθ1kθ2 − hθ2kθ1 + khθ2φθ1 − khθ1φθ2 + 2hkθ2φθ1 − 2hkθ1φθ2
]
× dr ∧ dθ1 ∧ dθ2 ∧ dψ (4.19)
with Fir ≡ ∂rFi, ki = ∂ik and (hF 20 )i = ∂i(hF 20 ). From (4.19) it means that if we
make
hθ1kθ2 − hθ2kθ1 + khθ2φθ1 − khθ1φθ2 + 2hkθ2φθ1 − 2hkθ1φθ2 = 0,
4hkrφθ2 − 4hkθ2φr + 2hθ2kr − 2hrkθ2 + 2khrφθ2 − 2khθ2φr
2hkφθ2 + hθ2k
=
√
F1F2 − F3r
F3
,
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4hkrφθ1 − 4hkθ1φr + 2hθ1kr − 2hrkθ1 + 2khrφθ1 − 2khθ1φr
2hkφθ1 + hθ1k
=
√
F1F2 − F4r
F4
.
then H3 will be closed. One however may worry that making H3 closed implies too
much constraints on the Fi’s. For the present case this may still be okay because
the initial choice of the background (4.10) forms a class of solutions parametrised
by our choice of Fi and φ, the dilaton
8. A specific choice of the background with a
specified complex structure and Ka¨hler class is exemplified in Appendix 1. For this
case we can define a closed three-form with appropriate choice of the dilaton, so that
our choice remains generic enough. Thus the BNS field can be gauge transformed to
have only the following components:
brψ =
∫
−2hF 20 k sinh β (kφθ1 − kθ1)
√
F1F2 dθ1,
brφ1 =
∫
−2hF 20 k sinh β (kφθ2 − kθ2)
√
F1F2 cos θ1 dθ2,
brφ2 =
∫
−2hF 20 k sinh β (kφθ1 − kθ1)
√
F1F2 cos θ2 dθ1,
bθ1φ1 =
∫
2hF 20 k sinh β (kφθ2 − kθ2)F3 sin θ1 dθ2,
bθ2φ2 =
∫
2hF 20 k sinh β (kφθ1 − kθ1)F4 sin θ2 dθ1. (4.20)
where we see that there are three new components of the form brα compared to the
local case [17]. This is expected because we are no longer fixed to r = r0, but have
global access. However before moving ahead we will pause to comment on switching
on other possible components of the BNS field of the form:
bφ1φ2 dφ1 ∧ dφ2 +
2∑
i=1
bφiψ dφi ∧ dψ (4.21)
Such choices of BNS fields would make the type IIA background non-geometric. So
far locally we saw that the type IIA backgrounds remains geometric but does become
non-Ka¨hler. Is there a possibility that the IIA background globally is non-geometric
also? We will reflect on this point later, but for the time being we will assume that
the BNS field is only of the form (4.20) and doesn’t have additional components like
(4.21).
Next comes the RR three-form F3. From our previous set of duality arguments,
this is given by:
F3
hF 20 cosh β
= 2KF1F2F3F4 sin θ2 sin θ1(φθ1 sin θ1 cos θ2 − φθ2 sin θ2 cos θ1)dr ∧ dφ1 ∧ dφ2
8See also [16] where a torsion class analysis reveals k to be a function of r only. This means we
can choose F0 appropriately such that h and e
φ are functions of (r, θi). One possible choice would
be h = 1
k2F0
and eφ = k√
F0
.
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+KF 23 sin
2 θ1 sin θ2(2φθ2
√
F1F2F4 sin θ2 − F2
√
F1F2 cos θ2
−2φrF2F4 cos θ2 + F2F4r cos θ2)dθ1 ∧ dφ1 ∧ dφ2
+KF 24 sin
2 θ2 sin θ1(−2φθ1
√
F1F2 sin θ1 + F2
√
F1F2 cos θ1
+2φrF2F3 cos θ1 − F2F3r cos θ1)dθ2 ∧ dφ1 ∧ dφ2
−KF2F 23 sin2 θ1(2φrF4 sin θ2 +
√
F1F2 sin θ2 − F4r sin θ2)dψ ∧ dθ1 ∧ dφ1
−KF2F 24 sin2 θ2(2φrF3 sin θ1 +
√
F1F2 sin θ1 − F3r sin θ1)dψ ∧ dθ2 ∧ dφ2
−2φθ2KF1F2F3F4 sin θ1 sin2 θ2dr ∧ dψ ∧ dφ2
−2φθ1KF1F2F3F4 sin θ2 sin2 θ1dr ∧ dψ ∧ dφ1 (4.22)
where as before φα should be understood as derivatives on φ i.e ∂αφ, and we have
defined K as:
K =
cosec θ1cosec θ2√
F1F2F3F4
(4.23)
Note that dF3 is no longer closed, and will be related to delta function sources coming
from the wrapped D5-branes9.
Once we have the explicit forms for the three-forms, to satisy the type IIB EOMs
we will now require RR five-form. This is easy to work out, and is given by:
F5 =
1
4
[
− A0rdr ∧ dt ∧ dx ∧ dy ∧ dz −A0θ1dθ1 ∧ dt ∧ dx ∧ dy ∧ dz
−A0θ2dθ2 ∧ dt ∧ dx ∧ dy ∧ dz − PF2F3F4 sin2 θ1 sin2 θ2
×(A0rF3F4dψ ∧ dθ1 ∧ dθ2 ∧ dφ1 ∧ dφ2 + A0θ1F1F4dr ∧ dψ ∧ dθ2 ∧ dφ1 ∧ dφ2
+A0θ2F1F3dr ∧ dψ ∧ dθ1 ∧ dφ1 ∧ dφ2)
]
(4.24)
where A0α ≡ ∂αA0 and A0 is given in (4.16). We have also defined P as:
P =
cosec θ1cosec θ2√
F1F2F
2
0F3F4
(4.25)
Thus with (4.18), (4.22), (4.24) and (4.15) we have the complete susy background in
type IIB before geometric transition. A torsion class analysis with susy constraints
has been done in [16] (see eq. (3.15) therein). As long as the warp factors satisfy eq.
(3.15) of [16] supersymmetry will be preserved. In the following subsection, we will
use the above background to compute the type IIA mirror configuration.
9There is a subtlety here: not every non-closed F3 can be interpreted as a source (see for example
the criteria presented in [36]). Happily, our case does fall into one of the required criteria of [36]
as should be clear by writing the fluxes in the language of G-structure, or in terms of the torsion
classes. A more detailed elaboration of this is given in [16].
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4.3 The type IIA mirror configuration
As it stands, the metric in (4.15) has three obvious isometries associated with trans-
lation along the three angular directions φ1, φ2 and ψ. So there is a natural T
3
embedded in our configuration, and one might naively think that the mirror would
be three T-dualities along T3. Such a simple transformation doesn’t work for our
case because our configuration represents the IR limit of a cascading gauge theory
where the base of the three torus is small. Mirror transformation a la SYZ [22]
works exactly in the opposite limit! So naive T-dualities will not give us the mirror
metric, and we need to first make the base, paramerised by θ1, θ2 and r, very large
10.
The simplest way to do this would be to make the following transformation on the
background (4.15):
dψ → dψ + f1 cos θ1 dθ1 + f2 cos θ2 dθ2
dφ1 → dφ1 − f1 dθ1, dφ2 → dφ2 − f2 dθ2 (4.26)
with the assumption that fi = fi(θi) so that the transformations (4.26) would be
integrable11. Recall that compatibility with the SU(3) structure will fix fi in the
mirror [17]. Note also that these transformations are similar in form as in the first
reference of [17] and would change the complex structure of the base accordingly.
Under these transformations the BNS field generates extra components brθ1 , brθ2 .
It is however interesting to note that they vanish as follows:
brθ1 = f1(brψ cos θ1 − brφ1) = 0, brθ2 = f2(brψ cos θ2 − brφ2) = 0 (4.27)
implying that the BNS field do not change under the transformation (4.26). This is
similar to the local case also [17].
On the other hand the RR three-form does change under the coordinate trans-
formation (4.26). The extra components of the three-form are the following:
Frθ1θ2 = f1f2(Frφ1φ2 − cos θ1Frψφ2 + cos θ2Frψφ1), Frψθ1 = −f1Frψφ1
Frθ1φ2 = −f1(Frφ1φ2 − cos θ1Frψφ2), Fθ1θ2φ1 = f2(Fθ1φ1φ2 − cos θ2Fψθ1φ1),
Frθ2φ1 = f2(Frφ1φ2 + cos θ2Frψφ1), Fθ1θ2φ2 = f1(Fθ2φ1φ2 + cos θ1Fψθ2φ2),
Frθ2φ2 = f2 cos θ2Frψφ2 , Frψθ2 = −f2Frψφ2 , Frθ1φ1 = f1 cos θ1Frψφ1 (4.28)
A physical reason for this change can be easily understood: under the coordinate
transformation (4.26) the base parametrised by (θ1, θ2) become large. This means
that the associated RR three-form field strengths increase simultaneously, which is of
10This effectively means that the distances along the θi directions have to be made very large, as
r is non-compact. See also our earlier works [17] where this has been explained in more details.
11Note also that since fi = fi(θi), the transformations (4.26) on the one-forms (dψ, dφi) are just
coordinate transformations of (ψ, φi). Therefore they don’t change the EOMs.
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course what we see in (4.28). Note that the component Frθ1θ2 dominates over all other
extra components in (4.28) because this lies exclusively on the base parametrised by
the coordinates (r, θ1, θ2) which is made much bigger than the T
3 fibre parametrised
by the coordinates (ψ, φ1, φ2).
Once the three-form F3 changes, the RR five-form also has to change. Its is easy
to show that the extra components of the five-form are:
Frθ1θ2φ1φ2 = f1 cos θ1Frψθ2φ1φ2 − f2 cos θ2Frψθ1φ1φ2,
Frψθ1θ2φ2 = f1Frψθ2φ1φ2, Frψθ1θ2φ1 = f2Frψθ1φ1φ2 (4.29)
satisfying the background EOMs. All these extra components will give rise to RR
four-form in Type IIA after mirror transformation, as we will show soon. But before
that lets infer how the metric changes. Under the transformation (4.26) the metric
(4.15) takes the following form:
ds2 = F0ds
2
0123 + F1 dr
2 + F2(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
2∑
i=1
F2+i sin
2θidφ
2
i
+
2∑
i=1
[
F2+i
(
1 + f 2i sin
2θi
)
dθ2i − 2fiF2+i sin2θi dφidθi
]
(4.30)
which in fact does exactly what we wanted12: it enlarges the θi-cycles, but doesn’t
change the BNS field. For SYZ to work properly, we require the base size to be very
large, and therefore we will require fi also to be large. This conclusion fits well with
the local picture that we had in [17]. Note that we have also generated cross terms.
These cross terms will be useful soon. The eleven metric components are:
jrr = F1, jφ1θ1 = −f1F3sin2θ1, jφ2θ2 = −f2F4sin2θ2
jψψ = F2(1− ǫ), jφ1ψ = F2cos θ1, jφ2ψ = F2cos θ2
jφ1φ1 = F2cos
2θ1 + F3sin
2θ1, jφ2φ2 = F2cos
2θ2 + F4sin
2θ2 (4.31)
jφ1φ2 = F2cos θ1θ2, jθ1θ1 = F3(1 + f
2
1 sin
2θ1), jθ2θ2 = F4(1 + f
2
2 sin
2θ2)
where ǫ is a finite but small number13. Let us also define another quantity α in the
following way:
α−1 ≡ F3F4sin2θ1sin2θ2 + F2F4cos2θ1sin2θ2 + F2F3sin2θ1cos2θ2 (4.32)
away from the point (θ1, θ2) = 0. Now assuming that f1, f2 are large, we can perform
the mirror transformation along (ψ, φ1, φ2) directions. The mirror metric in type IIA
12The metric (4.30) also solves the supergravity EOM as should be clear from the discussion
presented earlier.
13Of course ǫ < 1 to preserve the signature. In fact introducing ǫ in jψψ will help us not only
to keep fi large to satisfy SYZ but also satisfy the susy conditions in the mirror dual. This will
become clear soon.
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takes the following form:
ds2mirror = F0ds
2
0123 + ds
2
6 (4.33)
where the six-dimensional internal space is a non-Ka¨hler deformation of the deformed
conifold in the following way:
ds26 = F1dr
2 +
αF2
∆1∆2
[
dψ − bψrdr +∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
+∆2cos θ2
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]2
+ αjφ2φ2
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)2
+ αjφ1φ1
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)2
− 2αjφ1φ2
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)
(4.34)
− 2αjφ1φ2
(
f1f2ǫ
α
)
dθ1dθ2 +
(
F3 − ǫ F2f 21 cos2θ1
)
dθ21 +
(
F4 − ǫ F2f 22 cos2θ2
)
dθ22
and we have defined ∆i in the following way:
∆1 = αF2F4sin
2θ2, ∆2 = αF2F3sin
2θ1 (4.35)
At this stage we can extract the consequence of the fact that both f1 and f2 are very
large. This fits perfectly well with the mirror metric because f 2i as well as f1f2 come
with the coefficient ǫ allowing us to satisfy both SYZ and susy in the mirror. This
means that if we impose the following constraint:
f1f2ǫ ≡ − α (4.36)
i.e both fi proportional to ǫ
−1/2, it will bring the cross-terms in the metric to the
following suggestive form:
2αjφ1φ2
[
dθ1dθ2 −
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]
(4.37)
In the limit bφ1α = bφ2α = 0 with α = r, θi, (4.37) is in fact a term of the deformed
conifold! The above conclusion seems rather encouraging, provided of course (4.36)
is satisfied. In the local limit, similar condition also arose (see the first reference of
[17]) and we argued therein that as long as we can define
fi ∝ (−1)
i〈α〉i√
ǫ
(4.38)
where 〈α〉i depend only on θi the constraint (4.36) is satisfied. Therefore a condition
like (4.36) works perfectly well in the local case. Question is, can we satisfy (4.36)
also for the global case?
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The answer is now tricky. We demanded that fi = fi(θi), otherwise global coor-
dinate transformation like (4.26) cannot be defined. This means that Fi appearing
in the definition of α in (4.36) will have to be highly constrained. Generically this is
not possible14 because of the underlying type IIA supersymmetry, as constraints on
the torsion classes [25] will tend to fix fi(θi), but in special case this may happen.
The special case arises if we allow F2 to depend on the angular coordinates θi
also in such a way that the susy constraints on the torsion classes are still satisfied
with F2 given by:
F2(r, θ1, θ2) = − (β1β2)
−1 + F3F4sin
2θ1sin
2θ2
F4cos2θ1sin
2θ2 + F3sin
2θ1cos2θ2
(4.39)
where fi ≡ βi√ǫ . This tells us that the radial dependence of F2 is fixed by F3(r)
and F4(r), but the angular dependences are pretty much unfixed because βi(θi) are
arbitrary functions of θi respectively
15. All these of course should get fixed once we
impose the susy constraints on the torsion classes. However the above relation (4.39)
already looks tight, but lets move on and see how far we can go with these kind of
arguments. Our next question would therefore be: is there a way to fix the angular
dependences also?
To see how to fix the angular dependences, we can go back to the equivalent local
limit of (4.37) where the particular way of writing the metric allows us to make a
coordinate rotation to bring the term (4.37) into the more familar deformed conifold
form [38]. This, as we know from [38, 17], is only possible iff other terms in the metric
remain invariant under the coordinate transformation. If this condition is imposed
globally, then it would imply the following two relations:
β1 = ±
√
F3 − αjφ2φ2
F2cos2θ1
β2 = ∓
√
F4 − αjφ1φ1
F2cos2θ1
(4.40)
In the local case, studied in the first reference of [17], relations like (4.40) are consis-
tent in the sense that (4.36) is satisfied. Unfortunately, this is no longer true for the
global case generically because the above relation along with (4.36) would lead to
inconsistent set of equations, and would probably break susy. Therefore in general
the mirror metric will take the following form:
ds26 = F1dr
2 +
αF2
∆1∆2
[
dψ − bψrdr +∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
14For the local case α was defined at r = r0 so this subtlety did not arise and, as we discussed
above, we used 〈α〉i to define fi so things were perfectly consistent there.
15Interestingly we can make both βi and ǫ to be generic functions of the internal coordinates in
such a way that fi ≡ βi√ǫ remain functions of θi only. The only bound on ǫ would be that it never
exceeds 1 over any point in the internal space.
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+∆2cos θ2
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]2
+ αjφ2φ2
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)2
+ αjφ1φ1
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)2
− 2αjφ1φ2
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)
− 2jφ1φ2β1β2 dθ1dθ2 +
(
F3 − F2β21cos2θ1
)
dθ21 +
(
F4 − F2β22cos2θ2
)
dθ22
(4.41)
Only in very special cases, where (4.40) and (4.36) are both simultaneously satisfied,
we expect the mirror to take the following symmetric form:
ds26 = F1dr
2 +
αF2
∆1∆2
[
dψ − bψrdr +∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
+∆2cos θ2
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]2
+αjφ2φ2
[
dθ21 +
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)2]
+αjφ1φ1
[
dθ22 +
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)2]
+2αjφ1φ2
[
dθ1dθ2 −
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]
(4.42)
which is strongly reminiscent of the deformed conifold! Observe that both the forms
of the metrics are finite and well defined. This tells us that our procedure of making
the base large before performing SYZ [22] is logical and correct.
On the other hand, the cross term that we developed in the metric appears as
the BNS field in type IIA theory. Expectedly, this B-field is large and is given by the
following form:
B˜ = αf1F3 sin
2 θ1
(
F2 cos
2 θ2 + F4 sin
2 θ2
)
dθ1 ∧ dφ1
+ αf2F4 sin
2 θ2
(
F2 cos
2 θ1 + F3 sin
2 θ1
)
dθ2 ∧ dφ2
+
(
1− ǫ
αF2F4 sin
2 θ1 sin
2 θ2
)
(f1 cos θ1dθ1 + f2 cos θ2dθ2) ∧ dψ (4.43)
In the limit ǫ → 0, the last two terms are pure gauge. For finite, but small, ǫ < 1
they cannot be gauged away. In the local limit (see the first paper of [17]) all the Fi
were constants, and so B˜ became a pure gauge when written in terms of 〈α〉i. This
doesn’t seem to be the case globally, unless of course Fi’s are of some specific forms.
The wrapped D6 brane two-form charges now come partly from the type IIB
three-forms and partly from the five-forms. The three-forms contributions to the IIA
two-forms are given by the following components:
F˜ψθ1 = Fφ1φ2θ1, F˜ψθ2 = Fφ1φ2θ2 , F˜ψr = Fφ1φ2r,
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F˜φ1r = Frφ2ψ +
2jφ1φ2
jφ1φ1
Fφ1rψ +
2jψφ1
jφ1φ1
Frφ1φ2 ,
F˜φ2r = Fφ1rψ + 2α(jφ2ψjφ1φ1 − jφ1φ2jφ1ψ)Frφ1φ2,
F˜φ1θ2 = Fψθ2φ2 + 2
jφ1ψ
jφ1φ1
Fφ1φ2θ2 ,
F˜φ1θ1 = 2
jφ1φ2
jφ1φ1
Fφ1θ1ψ + 2
jψφ1
jφ1φ1
Fφ1φ2θ1 ,
F˜φ2θ1 = Fψφ1θ1 + 2α(jφ2ψjφ1φ1 − jφ1φ2jφ1ψ)Fφ1φ2θ1 ,
F˜φ2θ2 = 2α(jφ2ψjφ1φ1 − jφ1φ2jφ1ψ)Fφ1φ2θ2 (4.44)
Similarly, the five-forms contributions to the type IIA two-forms are given in terms
of the following components:
F˜θ1θ2 = Fψθ1θ2φ1φ2 + bθ2φ2Fψθ1φ1 + bθ1φ1Fψθ2φ2
F˜rθ1 = Frθ1φ1φ2ψ + bθ1φ1Frψφ2 +
(
bφ2r +
jφ1φ2
jφ1φ1
brφ1
)
Fψθ1φ1 +
jψφ1
jφ1φ1
bθ1φ1Frφ1φ2
+
(
brψ − jψφ1
jφ1φ1
brφ1
)
Fθ1φ1φ2 +
jφ1φ2
jφ1φ1
bθ1φ1Frψφ1
F˜rθ2 = Frθ2φ1φ2ψ + brφ1Fψθ2φ2 + brψFθ2φ1φ2 − bθ2φ2Frψφ1 (4.45)
All the above components are finite and give rise to the required D6-branes charges.
However since the B-field is large, to compensate this in the EOMs we need large
G-fluxes in type IIA. These fluxes come exactly from the extra three- and five-form
components (4.28) and (4.29) respectively. These three- and five-form components
give rise to twelve components of the four-form fluxes in IIA namely:
F˜rψθ1θ2, F˜rψθ1φ1, F˜rψθ1φ2 , F˜rψθ2φ1
F˜rψθ2φ2, F˜rθ1θ2φ1, F˜rθ1θ2φ2, F˜rθ1φ1φ2
F˜rθ2φ1φ2, F˜ψθ1θ2φ1 , F˜ψθ1θ2φ2 , F˜θ1θ2φ1φ2 (4.46)
These components are listed in Appendix 2 which the readers may refer to for
details. Combined with (4.43), these fluxes lift to M-theory as G-fluxes with com-
ponents along the spacetime and the eleventh directions respectively. Interestingly,
both the metric (4.41) or (4.42) along with the two-form flux components (4.44) and
(4.45) lift to a geometrical configuration in M-theory, which we expect to have a G2
structure. This is of course expected because both the non-Ka¨hler deformed conifold
as well as the wrapped D6-branes tend to become geometrical configurations when
the type IIA coupling is made very large16. In the following sub-section we will dwell
on this in more details.
16The fact that we get (4.41) instead of (4.42) is nothing too surprising. One does not expect to
get a Ka¨hler deformed conifold in type IIA. This was already clear from the pioneering work of [5].
Here we not only seem to confirm the statement of [5] but also determine the precise form of the
IIA metric.
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4.4 M theory lift, flop transition and type IIA reduction
The lift of our type IIA mirror configuration to M-theory is rather straighforward.
The eleven-directional fibration is given by gauge fluxes derived from the two-form
components (4.44) and (4.45). It is easy to show that we need only Aφi , Aθi and
Ar components. Using these, the M-theory lift of our IIA symmetric mirror metric
(4.42) is:
ds211 = e
− 2φ
3
{
F0ds
2
0123 + F1dr
2 +
αF2
∆1∆2
[
dψ − bψrdr
+∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
+∆2cos θ2
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]2
+αjφ2φ2
[
dθ21 +
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)2]
+αjφ1φ1
[
dθ22 +
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)2]
+2αjφ1φ2
[
dθ1dθ2 −
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]}
+e
4φ
3
[
dx11 + Aφ1dφ1 + Aφ2dφ2 + Aθ1dθ1 + Aθ2dθ2 + Ardr
]2
(4.47)
It is easy to see that the non-symmetric mirror metric (4.41) will also lift to M-theory
in an identical way. The local limit of the lift of (4.41) is precisely the one discussed
in the first paper of [17] and, as discussed therein, we expect the lift of (4.41) to
have a G2 structure to preserve supersymmetry. To see this for our case, we have
to express the lift of the metric (4.41) in terms of certain one-forms similar to the
ones given in [17] (see also [39]). Following the first paper of [17] we first express the
B-fields appearing in the fibration (4.41) in terms of periodic angular coordinates λi
in the following way:
tanλ1 ≡ bφ1θ1, tanλ2 ≡ bφ2θ2 , tanλ3 ≡ bψr
tanλ4 ≡ bφ1r, tanλ5 ≡ bφ2r (4.48)
Using these we can define two sets of one-forms. The first set, called σi with i =
1, .., 3, can be expressed in terms of λi as:
σ1 = sinψ1(dφ1 − tanλ4dr) + sec λ1 cos(ψ1 + λ1)dθ1,
σ2 = cosψ1(dφ1 − tanλ4dr)− sec λ1 sin(ψ1 + λ1)dθ1,
σ3 = dψ1 − 1
2
tanλ3dr +∆1 cos θ1(dφ1 − tanλ1dθ1 − tanλ4dr) (4.49)
and the second set can be expressed in terms of λi as:
Σ1 = − sinψ2(dφ2 − tanλ5dr) + sec λ2 cos(ψ2 + λ2)dθ2,
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Σ2 = − cosψ2(dφ2 − tanλ5dr)− sec λ2 sin(ψ2 + λ2)dθ2,
Σ3 = dψ2 +
1
2
tanλ3dr −∆2 cos θ2(dφ2 − tanλ2dθ2 − tanλ5dr) (4.50)
At this stage one may compare these two sets of one-forms to the ones given by eq.
(6.2) and eq. (6.3) in the first paper of [17]. The definitions of ψ1 and ψ2 follow
exactly as in [17], i.e
dψ = dψ1 − dψ2, dx11 = dψ1 + dψ2 (4.51)
Furthermore we can perform the following rotation of the coordinates:(Dφ2
dθ2
)
→
(
cos ψ0 − sin ψ0
sin ψ0 cos ψ0
)(Dφ2
dθ2
)
(4.52)
with Dφ2 ≡ dφ2−bφ2θ2dθ2−bφ2rdr and ψ0 a constant. If we make this transformation
to the symmetric mirror metric of type IIA (4.42), this will lift to M-theory not as
(4.47), but to a more suggestive configuration:
ds211 = e
− 2φ
3
{
F0ds
2
0123 + F1dr
2 +
αF2
∆1∆2
[
dψ − bψrdr − bψθ2dθ2
+∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
+∆2cos θ2cos ψ0
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]2
+αjφ2φ2
[
dθ21 +
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)2]
+αjφ1φ1
[
dθ22 +
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)2]
+2αjφ1φ2cos ψ0
[
dθ1dθ2 −
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]
+2αjφ1φ2sin ψ0
[(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
dθ2 +
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)
dθ1
]}
+e
4φ
3
[
dx11 + A˜φ1dφ1 + A˜φ2dφ2 + A˜θ1dθ1 + A˜θ2dθ2 + A˜rdr
]2
(4.53)
where we have introduced a B-field fibration using bψθ2 ≡ ∆2 sin ψ0cos θ2 to mod-
ify the dψ fibration structure. The eleven-dimensional fibration structure will also
change accordingly because we can always express the Aφ2dφ2 term in dx11 of (4.47)
using Dφ2. Thus the overall eleven-dimensional fibration will retain its form but with
shifted Aµ fields denoted above by the A˜µ fields. In terms of the fibration components
of (4.47) one can show that A˜φ1 = Aφ1 , A˜θ1 = Aθ1 and the rest of the components
can be presented in the following matrix form:
A˜φ2
A˜θ2
A˜r
 =

cosψ0 + bφ2θ2 sinψ0 sinψ0 0
−(1 + b2φ2θ2) sinψ0 cosψ0 − bφ2θ2 sinψ0 0
bφ2r(1− cosψ0 − bφ2θ2 sinψ0) −bφ2r sinψ0 1


Aφ2
Aθ2
Ar

(4.54)
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Additionally with the above modification, the above metric is surprisingly close to
the uplift of a non-Ka¨hler deformed conifold metric with wrapped D6-branes to M-
theory provided we can make an additional substitution17 in (4.53):
ψ0 → ψ (4.55)
Making such a substitution may lead one to think that the ψ isometry that we have
in (4.47) is removed. This is not the case locally with the non-Ka¨hler deformed
conifold because the extra B-field component bψθ2 in the dψ fibration structure of
(4.53) as well as the vector fields A˜µ in the dx11 fibration structure transform non-
trivially under shift in ψ to restore the isometry. One may also do a somewhat similar
rotation like (4.52) to the non-symmetric type IIA metric (4.41) and bring it in a
more suggestive format.
The rotation (4.52) should now be captured by the one-forms (4.49) and (4.50)
appropriately. In fact only the second set of one-forms (4.50) is related to the change
(4.52). Thus the one-forms for our purposes will be (σi,Σi) with Σi to be viewed as
the one got from (4.52) directly. Using these one-forms we can rewrite the M-theory
metric in two possible ways. The first one is the lift of the non-symmetric type IIA
metric (4.41) under the rotation (4.52) and transformation (4.55):
ds27 = grdr
2 + g1(σ3 + Σ3)
2 + g2(σ3 − Σ3)2
+ g3(sinψ1σ1 + cosψ1σ2)
2 + g˜3(cosψ1σ1 − sinψ1σ2)2
+ g4(sinψ2Σ1 + cosψ2Σ2)
2 + g˜4(cosψ2Σ1 − sinψ2Σ2)2
+ g5(sinψ1σ1 + cosψ1σ2)(sinψ2Σ1 + cosψ2Σ2)
− g˜5(cosψσ1 − sinψ1σ2)(cosψ2Σ1 − sinψ2Σ2) (4.56)
where we have defined the coefficients gi, g˜i as:
gr = e
−2φ/3F1, g1 = e
4φ/3, g2 = e
−2φ/3 αF2
∆1∆2
, g3 = αjφ2φ2,
g˜3 = F3 − F2β21 cos2 θ1, g4 = αjφ1φ1, g˜4 = F4 − F2β22 cos2 θ2
g5 = 2αjφ1φ2, g˜5 = 2β1β2jφ1φ2 (4.57)
The second way to rewrite the metric is a little more suggestive of the way to perform
the flop operation on the M-theory manifold and has a nice form for the symmetric
case (4.42), again under (4.52) and (4.55). The local form of this has already appeared
in the first reference of [17], and the readers may want to look at that for more details.
In fact we can rewrite (4.56) in the following way also. Here we will simply quote
the generic ansatze using parameters αi and ζ :
ds27 = α
2
1
2∑
a=1
(σa + ζΣa)
2 + α22
2∑
a=1
(σa − ζΣa)2 + α23(σ3 + Σ3)2 + α24(σ3 − Σ3)2 + α25dr2
17This is compatible with the underlying G2 structure. An analysis of the G2 torsion classes,
along the lines of the first paper in [17], will reveal this. We will discuss this more soon.
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(4.58)
The above is a familiar form by which any G2 structure metric could be expressed.
Once we switch off λi the manifolds has a G2 holonomy. The coefficients αi and ζ
are not arbitrary. They are fixed by the EOM and, for the case (4.42), they take the
following values:
α1 =
1
2
e−
φ
3
√
2α
(
jφ2φ2 +
jφ1φ2
ζ
)
, α2 =
1
2
e−
φ
3
√
2α
(
jφ2φ2 −
jφ1φ2
ζ
)
α3 = e
2φ
3 , α4 = e
−φ
3
√
αF2
∆1∆2
, α5 = e
−φ
3
√
F1, ζ =
√
jφ1φ1
jφ2φ2
(4.59)
Before proceeding further let us pause for a while and ask whether the above set of
manipulations would preserve supersymmetry. From type IIA point of view we have
done the following:
• Shift of the coordinates (ψ, φi) using variables fi(θi). This shifting of the coordi-
nates mixes non-trivially all the three isometry directions as described in (4.26).
• Shift the metric along ψ direction by the variable ǫ, as given in the second line of
(4.31). This variable doesn’t have to be too small in the global limit. As long as it
is smaller than 1 it’ll suffice.
• Make SYZ transformations along the new shifted directions. Thus the three T-
dualities are not made along the three original isometry directions.
• In the new metric of IIA make a further rotation along the (θ2, φ2) directions using
a 2 × 2 matrix given as (4.52). The matrix is described using a constant angular
variable ψ0.
• Finally in the transformed metric convert ψ0 to ψ as in (4.55).
However due to steps 2, 4 and 5 above, it is not guaranteed that the metric will
preserve supersymmetry. Furthermore one might also question whether the SYZ
operation itself could preserve supersymmetry. Therefore to verify this we have
evaluated all the torsion classes for this background in sec 3.2 of [16]. The super-
symmetry constraints are given by eq. (3.21) and Appendix B of [16]. These set of
equations along with the constraint equation (3.15) of [16] are enough to guarantee
supersymmetry in the type IIA (or the equivalent M-theory) background.
Once the issue of supersymmetry is resolved, we go to the flop operation. The
operation of flop on the above metric (4.58) has already been discussed in details in
sec. 7 of the first reference of [17]. Using similar techniques for (4.56), after the flop
we expect the metric to look like:
ds27 = a1(σ
2
1 + σ
2
2) + a2(Σ
2
1 + Σ
2
2) + a3(σ3 + Σ3)
2 + a4(σ3 − Σ3)2 + a5dr2 (4.60)
with ai, i = 1, ..., 5 are some coefficients to be determined. Due to the global nature
of our metric, the operation of flop can be performed by a class of transformations
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parametrized by the values of a, b etc. in the following way:
σ1 7→ aσ1 + bΣ1, Σ1 7→ eσ1 + fΣ1,
σ2 7→ cσ2 + dΣ2, Σ2 7→ gσ2 + hΣ2,
σ3 + Σ3 7→ σ3 − Σ3, σ3 − Σ3 7→ σ3 + Σ3 (4.61)
Now comparing (4.58) and (4.56) one can pretty much fix the coefficients c, d etc. in
terms of a, b in the following way:
c = a
√
k2G2 + kG3 +G1
ω2G5 + ωG6 +G4
, d = b
√
µ2G2 + µG3 +G1
τ 2G5 + τG6 +G4
e = ak, g = cω, f = bµ, h = dτ (4.62)
where a, b can in turn be fixed by computing the G2-torsion classes and demanding
supersymmetry (see also [16]). The other coefficients appearing above, namely, k, ω,
µ, τ satisfy the following equations:
2G1 + 2kµG2 + (k + µ)G3 = 0, G7 + kτG8 + τG9 + kG10 = 0,
2G4 + 2τωG5 + (τ + ω)G6 = 0, G7 + ωµG8 + ωG9 + µG10 = 0. (4.63)
whose solutions are fixed by the following values of Gi determined from the G2
structure metric (4.56) using (gi, g˜i) defined earlier in (4.57):
G1 = g3 sin
2 ψ1 + g˜3 cos
2 ψ1, G2 = g4 sin
2 ψ2 + g˜4 cos
2 ψ2,
G3 = g5 sinψ1 sinψ2 − g˜5 cosψ1 cosψ2,
G4 = g3 cos
2 ψ1 + g˜3 sin
2 ψ1, G5 = g4 cos
2 ψ2 + g˜4 sin
2 ψ2,
G6 = g5 cosψ1 cosψ2 − g˜5 sinψ1 sinψ2,
G7 = (g3 − g˜3) sinψ1 cosψ1, G9 = g5 sinψ1 cosψ2 + g˜5 cosψ1 sinψ2,
G8 = (g4 − g˜4) sinψ2 cosψ2, G10 = g5 cosψ1 sinψ2 + g˜5 sinψ1 cosψ2.
(4.64)
Using all the above relations, the ai coefficients in the M-theory metric after flop
transition (4.61) can be determined in terms of (a, b). The final form of the metric
therefore is given by:
ds211 = e
− 2φ
3 F0ds
2
0123 + grdr
2 + g1(σ3 − Σ3)2 + g2(σ3 + Σ3)2
+a2(k2G2 + kG3 +G1)(σ
2
1 + σ
2
2) + b
2(µ2G2 + µG3 +G1)(Σ
2
1 + Σ
2
2)
(4.65)
We are now one step away from getting the type IIA metric from the above metric.
Reducing along x11 the metric takes the following form in type IIA theory:
ds210 = F0ds
2
0123 + F1dr
2 + e2φ
[
dψ − bψµdxµ +∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
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+∆˜2cos θ2
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)]2
+ e
2φ
3 a2(k2G2 + kG3 +G1)
[
dθ21 + (dφ
2
1 − bφ1θ1dθ1 − bφ1rdr)2
]
+ e
2φ
3 b2(µ2G2 + µG3 +G1)
[
dθ22 + (dφ
2
2 − bφ2θ2dθ2 − bφ2rdr)2
]
(4.66)
which has an amazing similarity with the warped resolved conifold! The above metric
is completely global and supersymmetric18. As before, the full torsion class analysis
for this is given in eq. (3.25) of [16]. Together with equations (3.15), (3.21) and
(3.25) of [16] we can pretty much get most of the warp factor components (plus the
other parameters) to demand supersymmetry for all the above backgrounds. Any
remaining set of unconstrained parameters would allow us to get a class of gauge
theory deformations that span the landscape of solutions in the geometric transition
set-up. We will discuss more on this landscape soon (see also figure 3 of [16]).
Therefore the type IIA background should be viewed as the gravity dual in the
IR for the gauge theory on wrapped D6-branes before geometric transition. In this
background there are no six-branes. The wrapped D6-branes have dissolved in the
geometry, and is replaced by the following one-form flux components:
A = ∆1cos θ1
(
dφ1 − bφ1θ1dθ1 − bφ1rdr
)
− ∆˜2cos θ2
(
dφ2 − bφ2θ2dθ2 − bφ2rdr
)
(4.67)
with ∆˜2 is a slight deformation of ∆2 appearing from the rotation (4.52) before the
flop operation. The type IIA background also supports an effective dilaton, that
measures the IIA coupling, and is given by:
φeff =
3
4
ln(g2) (4.68)
Before we end this section, there are a few loose ends that need to be tied up. The
first one is related to the M-theory G-fluxes. These G-fluxes stem from (4.46) and
(4.43) in type IIA, and they are in general large19. In the local picture both (4.43) as
well as (4.46) components were all pure gauges, and therefore they did not contribute
to the background. Here we expect they would, and therefore we need to see how
these fluxes behave under:
• The rotation of coordinates (4.52) with shift (4.55), and
18Of course there is a further UV completion that we don’t discuss here. The UV completion
should follow in the same vein as studied recently for the Klebanov-Strassler case in [10, 11].
19As we discussed before ǫ in (4.31) or (4.36) is a small but finite number less than 1 (otherwise
the signature will change), the type IIA flux components (4.43) and (4.46) will be large but finite.
Choosing a particular value of ǫ and then demanding supersymmetry will consequently fix the
resulting fluxes. A range of choices for ǫ will give a class of backgrounds which are dual to certain
continuous deformations parametrised by ǫ in the gauge theory side. We will discuss more about
the class of backgrounds later.
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• The flop transformation (4.61).
Both these effects can be worked out if we can express our fluxes (4.46) and (4.43)
completely in terms of the one-forms (4.49) and (4.50). As we noted before, the
rotation (4.52) and shift (4.55) is appropriately captured by the one-forms (4.50).
Therefore to compensate both the changes, namely rotation (4.52) (with shift (4.55))
and the flop (4.61), all we need is to express the M-theory lift of the fluxes in terms
of (4.49) and (4.50). Any additional ψ dependent contributions will come out from
susy requirement.
To achieve all this, we can express the differential coordinates completely in terms
of σi and Σi. Since there are seven differential coordinates (dr, dθ1, dφ1, dθ2, dφ2, dψ1, dψ2)
but six one-forms (σi,Σi), we can assume dr goes to itself, and then the rest of the
differential forms map to the (σi,Σi) in the following way:
dθ1 = cosψ1σ1 − sinψ1σ2, dθ2 = cosψ2Σ1 − sinψ2Σ2,
dφ1 − tanλ4dr = sec λ1
[
sin(ψ1 + λ1)σ1 + cos(ψ1 + λ1)σ2
]
,
dφ2 − tanλ5dr = − sec λ2
[
sin(ψ2 − λ2)Σ1 + cos(ψ2 − λ2)Σ2
]
,
dψ − tanλ3dr = σ3 − Σ3 −∆1cos θ1
(
sinψ1σ1 + cosψ1σ2
)
+∆2cos θ2
(
sinψ2Σ1 + cosψ2Σ2
)
dx11 = σ3 + Σ3 +∆1cos θ1
(
sinψ1σ1 + cosψ1σ2
)
−∆2cos θ2
(
sinψ2Σ1 + cosψ2Σ2
)
(4.69)
Under the rotation, shift and flop the flux components mix in rather non-trivial
way. We therefore expect, after the IIA reduction from M-theory, the three-form
and four-form flux components of type IIA (4.43) and (4.46) respectively before
geometric transition go to new three- and four-form flux components. They can be
expressed as:
Bnow = b¯ijdx
i ∧ dxj , Fnow = f¯ijkldxi ∧ dxj ∧ dxk ∧ dxl (4.70)
where xi,j,k,l = r, θi, φi, ψ and b¯ij and f¯ijkl are not only functions of (r, θi) but now
also of ψ because of the shift (4.55) and rotation (4.52).
4.5 Type IIB after mirror transition
With the type IIA picture at hand, we are now at the last chain of the duality
transformation that will give us the supergravity dual of the confining gauge theory
on the wrapped D5-branes. Our starting points are now:
• The type IIA metric (4.66).
• The remnant of the D6-brane charges, i.e the one-form fluxes (4.67).
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• The type IIA string coupling, or the dilaton (4.68), and
• The BNS and the F4 fluxes (4.70) from the remnant of the IIB shift transformations.
Before moving ahead, let us make two observations. The first is that now we do
have components like b¯φ1φ2, b¯ψφi in (4.70). This would mean that the mirror type IIB
should become non-geometric! This is what one would have expected generically,
and our analysis does confirm this20. Observe that locally, as in [17], this aspect of
non-geometricity was not visible because most of the extra fluxes were pure gauges.
In the global case, the system is rather non-trivial and the dual gravitational de-
scription may become non-geometric. Question now is whether we can look for a
special case where we can study the system as a geometric manifold. It turns out
at the orientifold point there might be a situation where we can switch off the extra
flux components and consider only the standard B-field components. Recall that
due to various rotations (4.52) and shifting (4.26) and (4.55) the orientifolding is
more involved, as all the internal coordinates are mixed up in these transformations.
However this may not generically remove all the necessary components. Therefore
to simplify the situation, in the following, we will study the type IIB mirror by first
keeping:
b¯φ1φ2 = b¯ψφi = 0 (4.71)
so that the mirror could be geometric. Switching on (4.71) in the IIA scenario will
then make the system non-geometric.
Secondly, note that except for the BNS and the F4 fluxes, rest of the components of
the metric or the one-form fluxes, or even the dilaton are all finite. The BNS and
the F4 fluxes are large, and in the limit ǫ in (4.31) is a small but finite integer, these
would also be finite (but large). To proceed further let us define:
Dφ1 ≡ dφ1 − bφ1θ1dθ1 − bφ1rdr, Dφ2 ≡ dφ2 − bφ2θ2dθ2 − bφ2rdr (4.72)
Using this, the type IIA metric can be rewritten as:
ds210 = F0ds
2
0,1,2,3 + F1dr
2 + e2φ
(
dψ − bψµdxµ +∆1cos θ1 Dφ1 + ∆˜2cos θ2 Dφ2
)2
+ F1
(
dθ21 +Dφ21
)
+ F2
(
dθ22 +Dφ22
)
(4.73)
20In fact this tells us that the generic solution spaces we get in type IIB are non-geometric
manifolds. For certain choices of parameters (B-fields, and metric components) we can get geometric
manifolds like Klebanov-Strassler [4] or Maldacena-Nunez [6]. This is almost like the parameter
space of [40] but now much bigger, and allowing both geometric and non-geometric manifolds that
cover various branches of the dual gauge theories. One may also note that the susy constraints
from the torsion class analysis in equation (3.15), (3.21) and (3.25) of [16] would keep some of the
parameters unfixed (one example would be the ǫ parameter that we discussed earlier). Therefore
these parameters could be varied to get a class of gauge theory deformations. Typically the duals
of these deformations are non-geometric manifolds. This is expressed in figure 3 of [16].
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In this form the non-Ka¨hlerity is obvious in terms of the fibrations Dφi and the
resolution parameters of the two two-cycles are determined completely in terms of
Fi as:
F1 = e
2φ
3 a2(k2G2 + kG3 +G1), F2 = e
2φ
3 b2(µ2G2 + µG3 +G1) (4.74)
It is now clear that to determine the type IIB mirror using SYZ [22] we have to make
the base bigger as before. The manifold (4.73) still retains isometries along (φi, ψ), so
after we enlarge the base we can perform SYZ in the usual way21. Since these details
are rather straightforward to work out, we will not redo them again now. To put the
type IIB metric in some suggestive format, let us define the following quantities:
α¯ =
(
j¯φ1φ1 j¯φ2φ2 − j¯φ1φ2 + b¯2φ1φ2
)−1
, D˜ψ ≡ dψ + grψdr
D˜φ1 ≡
√
gφ1φ1
gθ1θ1
(
dφ1 + gφ1θ1dθ1 + grφ1dr
)
, D˜φ2 ≡
√
gφ2φ2
gθ2θ2
(
dφ2 + gφ2θ2dθ2 + grφ2dr
)
(4.75)
where j¯µν denote the components of the IIA metric (4.73), and gµν are defined in
terms of j¯µν in Appendix 3. Using these definitions, and taking brφi = brψ = 0, the
mirror manifold in type IIB theory takes the following form:
ds2 = F 20 ds
2
0,1,2,3 + grrdr
2 + gψψ
(
D˜ψ + ∆̂1 D˜φ1 + ∆̂2 D˜φ2
)2
(4.76)
+gθ1θ1
(
dθ21 + D˜φ21
)
+ gθ2θ2
(
dθ22 + D˜φ22
)
+ gθ1θ2
(
dθ1dθ2 + ∆̂3 D˜φ1D˜φ2
)
which looks surprisingly close to the warped resolved-deformed conifold! Clearly the
manifold is non-Ka¨hler and ∆ˆi are defined as:
∆̂1 ≡
√
gθ1θ1g
2
ψφ1
gφ1φ1
, ∆̂2 ≡
√
gθ2θ2g
2
ψφ2
gφ2φ2
, ∆̂3 ≡
√
gθ1θ1gθ2θ2g
2
φ1φ2
gφ1φ1gφ2φ2g
2
θ1θ2
(4.77)
The type IIB fluxes are rather involved, but they could be worked out exactly as in
Appendix 2. We will not do so here, but discuss their implications in our follow-up
paper [44]. It is interesting that the solutions that we get in type IIA as well as type
IIB for the gravity duals look very close to what has been advocated in the literature
so far in the limit where we switch off certain components of the b¯-fields as well as
brφi , brψ. Once we keep these components then the metric (4.76) cannot be the global
description. The global description will have to be a non-geometric manifold. In the
21This is not as simple as it sounds. As we saw above, due to rotation (4.52) and shift (4.55),
the fluxes may develop dependences on ψ coordinate. A way out of this would be to express the
fluxes in terms of an average 〈ψ〉 and then perform the SYZ transformations. We can then demand
supersymmetry in the final IIB configuration by analysing the torsion classes, exactly as we did for
all the above cases. This way all intermediate configurations would be supersymmetric.
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present paper we will not discuss the non-geometric aspect anymore, and details on
this will be presented in our upcoming paper [44]. We end this section by noting
that the duality cycle that we advocated here (and also in [17] earlier) does lead to
the correct gauge/gravity dualities for the confining theories.
5. Discussions and conclusion
In this paper we have made some progress along two related directions. The first one
is to find a supersymmetric configuration of wrapped D5-branes on a two-cycle of a
resolved conifold. We find that the simplest way to achieve supersymmetry here is to
allow for a non-Ka¨hler metric with an SU(3) structure on the resolved conifold. It
is possible that once we add extra fluxes and fundamental seven-branes we can also
get a Ka¨hler metric on the resolved conifold that is supersymmetric in the presence
of the wrapped D5-branes.
The second progress that we made here is related to the full cycle of geometric
transition. It should now be clear that in the limit where the gauge theories on the
wrapped D5-branes or the D6-branes were strongly coupled, the geometric transition
effectively boiled down to a simple series of mirror transformations [22] followed in-
between by a flop transition to an intermediate M-theory configuration with a G2-
structure. The fact that such a complicated set of gauge/gravity dualities follow
from simple sequences of T-dualities is rather remarkable22.
In the global case the mirror transformations are more subtle than the local case.
For example the fluxes appearing in the mirror pictures are very involved (we gave
one example in Appendix 2). They are not in general pure gauges, and so we need
to follow them through every step of the duality cycle because they would eventally
influence the gravity duals for the confining gauge theories on the wrapped D6- and
D5-branes (at least in the far IR). In this paper we have managed to work out
these details, and showed that despite the complicated underlining flux-structures,
the gravity duals for the type IIA and the type IIB configurations in certain cases
were given by non-Ka¨hler deformations of the resolved and the deformed conifold
respectively. In more generic cases, that allow us to keep all components of the
B-fields, the gravitational descriptions become non-geometric.
There are many things that need to be done now. One of the issue is to under-
stand the non-geometric aspects of the mirror configurations. We have briefly alluded
22An interesting question to ask at this stage is whether the set of operations (mirror symmetry
and flop) could be described as a transformation in the space of SU(3) structures, much like the
one studied in [41]. The fact that this is indeed the case for our set-up can be inferred from the
torsion class analysis before and after geometric transition. In the sequel [16] we have worked out
the torsion classes both before and after GT in type IIA theory. These torsion classes could be
related to each other by SU(3) transformations, and therefore our set of operations can be described
as transformations in the space of SU(3) structure.
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to this by arguing that there are B-field components (even at the orientifold points)
which could in-principle make the IIA, as well as IIB after geometric transition, pic-
ture non-geometric (see also the recent discussion in [21]). Such a non-geometric
configuration for example in type IIA should lift to a non-geometric configuration
in M-theory. The question then is: how should we perform the flop operation now?
Even if there exist a meaningful way to perform the flop, how do we understand the
SYZ [22] mirror map now? How does the non-geometric behavior reflect in the gauge
theory side? How should we compute the exact superpotential for the gauge theory
in the non-geometric case? Furthermore if we allow the B-fields components b¯φ1φ2
and b¯ψφi in (4.70), how would the metric (4.76) change to reflect the non-geometric
aspect?
Clearly these are very interesting questions to resolve, and we have barely scratched
the surface of the iceberg. In our upcoming paper [44] we plan to address some of
these issues. Hopefully these questions will have simple tractable solutions. If not,
then it will be even more interesting to reveal the underlying structure.
Note added: While we were writing this draft, [42] appeared that has some overlap
with sections 4.1 and 4.2 of this paper. See also the recent set of papers [43] where
some new properties of non-Ka¨hler manifolds have been discussed.
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A. A more precise derivation of the initial metric
We compute the metric using the formulas in Section 2.4. The only thing left to do is
to choose coordinates. We have already described complex coordinates (z2, z3, z4) in
Section 2.2 so it only remains to convert these to real coordinates. We choose polar
coordinates (ri, ti) with zi = rie
iti , and implement the computations in Section 2.4.
Before doing so, we implicitly describe the coordinate change necessary to com-
pare with the metric (4.15). Noting that the C∗ action on the homogeneous coor-
dinates of the resolved conifold identifies (z1, z2, z3, z4) with (1, z2/z1, z1z3, z1z4), we
start with the coordinates (U, Y, λ) of [18], which we see are related to our coordinates
by
U = z1z3, Y = z1z4, λ = −z2
z1
(A.1)
due to a sign convention in [18]. Using (2.5) together with (A.1), we can express
(U, Y, λ) in terms of (z2, z3, z4), hence in terms of the real coordinates (r2, r3, r4, t2, t3, t4).
The desired change of variables comes from using (2.13) of [18], which expresses
(U, Y, λ) instead in terms of the desired six real variables (r, ψ, φ1, θ1, φ2, θ2).
Ordering the coordinates as (r2, r3, r4, t2, t3, t4), the components of the metric are
given as follows.
g1,1 =
1
(2r23 + 2r
2
4 + u)
2
{
− 1
(−r22 + r23 + r24 + u)2
×
[√
−r22 + r23 + r24 + u
(
a
(
2r23 + r
2
4 + u
)− b2r24)+ r2r3r4 (a+ b2) cos(t2 − t3 + t4)]
×
[√
−r22 + r23 + r24 + u
((
2r23 + u
) (
r23 + r
2
4 + u
)− 2r22 (r23 − r24))
−4r2r3r4
(
r22 − r23 − r24 − u
)
cos(t2 − t3 + t4)
]
+
r2 (a + b
2)
(−r22 + r23 + r24 + u)2
[
r2r3 cos(t2 − t3 + t4)− r4
√
−r22 + r23 + r24 + u
]
×
[
r2r4
√
−r22 + r23 + r24 + u
(−2r22 + 2r23 + 4r24 + 3u)
−2r3
(
r22 − r24
) (−r22 + r23 + r24 + u) cos(t2 − t3 + t4)]
+
(a+ b2)
(−r22 + r23 + r24 + u)3/2
[
r2r3 − r4
√
−r22 + r23 + r24 + u cos(t2 − t3 + t4)
]
×
[
r2r3
(
2r22 − 2r23 − u
)√
u− r22 + r23 + r24
+2r4
(
r42 − 3r22r23 + 2r24 + (r24 + u)(u− 2r22 + 3r23 + r24)
)
cos(t2 − t3 + t4)
]
−2r
2
2r
2
3 (a + b
2) (r22 + r
2
4) sin
2(t2 − t3 + t4)
−r22 + r23 + r24 + u
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−2r24
(
a+ b2
) (−r22 + 2r23 + r24 + u) sin2(t2 − t3 + t4)}
g1,2 =
1
(2r23 + 2r
2
4 + u) (−r22 + r23 + r24 + u)
[
r2r3
(
a
(
r22 + r
2
4
)
+ b2
(−r22 + 2r23 + r24 + u))
+r4
(
a− b2)√−r22 + r23 + r24 + u (−r22 + 2r23 + r24 + u) cos(t2 − t3 + t4)]
g1,3 =
1
(2r23 + 2r
2
4 + u)
2
{
1
(−r22 + r23 + r24 + u)2
×
[√
−r22 + r23 + r24 + u
(
a
(
2r23 + r
2
4 + u
)− b2r24)+ r2r3r4 (a+ b2) cos(t2 − t3 + t4)]
×
[
r2r4
√
−r22 + r23 + r24 + u
(−2r22 + 2r23 + 4r24 + 3u)
−2r3
(
r22 − r24
) (−r22 + r23 + r24 + u) cos(t2 − t3 + t4)]
− r2 (a+ b
2)
(−r22 + r23 + r24 + u)2
[
r2r3 cos(t2 − t3 + t4)− r4
√
−r22 + r23 + r24 + u
]
×
[
4r2r3r4(r
2
2 − r23 − r24 − u) cos(t2 − t3 + t4) +
√
−r22 + r23 + r24 + u
×
(
2r42 − r22
(
4r23 + 4r
2
4 + 3u
)
+ 2r43 + r
2
3
(
4r24 + 3u
)
+
(
2r24 + u
)2)]
+
(a+ b2)
(−r22 + r23 + r24 + u)3/2
[
r2r3 − r4
√
−r22 + r23 + r24 + u cos(t2 − t3 + t4)
]
×
[
r3r4
(
u− 2r22 + 2r23
)√
u− r22 + r23 + r24
+2r2
(
r42 − 3r22r23 + 2r24 + (r24 + u)(u− 2r22 + 3r23 + r24)
)
cos(t2 − t3 + t4)
]
−2r2r4
(
a+ b2
) (−r22 + 2r23 + r24 + u) sin2(t2 − t3 + t4)
+
2r2r
2
3r4 (a + b
2) (r22 + r
2
4) sin
2(t2 − t3 + t4)
−r22 + r23 + r24 + u
}
g1,4 =
r22r3r4 (a− b2) sin(t2 − t3 + t4)
(2r23 + 2r
2
4 + u)
√
−r22 + r23 + r24 + u
g1,5 =
r3r4 (a− b2)
√−r22 + r23 + r24 + u sin(t2 − t3 + t4)
2r23 + 2r
2
4 + u
g1,6 =
r22r3r4 (a− b2) sin(t2 − t3 + t4)
(2r23 + 2r
2
4 + u)
√−r22 + r23 + r24 + u
g2,2 =
(r22 − 2r23 − r24 − u) (a (r22 + r24) + b2 (−r22 + 2r23 + r24 + u))
(2r23 + 2r
2
4 + u) (−r22 + r23 + r24 + u)
g2,3 = − 1
(2r23 + 2r
2
4 + u)
2
{
r4 (a+ b
2) (−r22 + 2r23 + r24 + u) cos(t2 − t3 + t4)
(−r22 + r23 + r24 + u)2
×
[
r2r4
√
−r22 + r23 + r24 + u
(−2r22 + 2r23 + 4r24 + 3u)
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−2r3
(
r22 − r24
) (−r22 + r23 + r24 + u) cos(t2 − t3 + t4)]
+
r2 (a+ b
2) (r22 − 2r23 − r24 − u) cos(t2 − t3 + t4)
(−r22 + r23 + r24 + u)2
×
[
4r2r3r4
(
r22 − r23 − r24 − u
)
cos(t2 − t3 + t4) +
√
−r22 + r23 + r24 + u(
2r42 − r22
(
4r23 + 4r
2
4 + 3u
)
+ 2r43 + r
2
3
(
4r24 + 3u
)
+
(
2r24 + u
)2)]
+
(b2 (−r22 + 2r23 + r24 + u)− a (r22 + r24))
(−r22 + r23 + r24 + u)3/2
[
r3r4
(−2r22 + 2r23 + u)
×
√
−r22 + r23 + r24 + u+ 2r2
(
r42 − r22
(
3r23 + 2
(
r24 + u
))
+ 2r43
+3r23
(
r24 + u
)
+
(
r24 + u
)2)
cos(t2 − t3 + t4)
]
+
2r3r
3
4 (a+ b
2) (−r22 + 2r23 + r24 + u) sin2(t2 − t3 + t4)
−r22 + r23 + r24 + u
−2r
2
2r3r4 (a+ b
2) (r22 − 2r23 − r24 − u) sin2(t2 − t3 + t4)
−r22 + r23 + r24 + u
}
g2,4 =
r2r4 (a− b2) (r22 − 2r23 − r24 − u) sin(t2 − t3 + t4)
(2r23 + 2r
2
4 + u)
√−r22 + r23 + r24 + u
g2,5 = 0
g2,6 =
r2r4 (a− b2) (r22 − 2r23 − r24 − u) sin(t2 − t3 + t4)
(2r23 + 2r
2
4 + u)
√
−r22 + r23 + r24 + u
g3,3 = − 1
(2r23 + 2r
2
4 + u)
2
{
r4 (a + b
2)
(−r22 + r23 + r24 + u)2
×
[
r2
√
−r22 + r23 + r24 + u+ r3r4 cos(t2 − t3 + t4)
]
×
[
r2r4
√
−r22 + r23 + r24 + u
(−2r22 + 2r23 + 4r24 + 3u)
−2r3
(
r22 − r24
) (−r22 + r23 + r24 + u) cos(t2 − t3 + t4)]
+
1
(−r22 + r23 + r24 + u)2
[
4r2r3r4
(
r22 − r23 − r24 − u
)
cos(t2 − t3 + t4)
+
√
−r22 + r23 + r24 + u
(
2r42 − r22
(
4r23 + 4r
2
4 + 3u
)
+ 2r43 + r
2
3
(
4r24 + 3u
)
+
(
2r24 + u
)2)]× [√−r22 + r23 + r24 + u (a (−r22 + 2r23 + 2r24 + u)− b2r22)
−r2r3r4
(
a + b2
)
cos(t2 − t3 + t4)
]
+
(a+ b2)
(−r22 + r23 + r24 + u)3/2
(
r2
√
−r22 + r23 + r24 + u cos(t2 − t3 + t4) + r3r4
)
×
(
r3r4
(
u− 2r22 + 2r23
)√
u− r22 + r23 + r24
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+2r2
(
r42 − 3r22r23 + 2r24 + (r24 + u)(u− 2r22 + 3r23 + r24)
)
cos(t2 − t3 + t4)
)
−2r22
(
a+ b2
) (
r22 − 2r23 − r24 − u
)
sin2(t2 − t3 + t4)
+
2r23r
2
4 (a+ b
2) (r22 + r
2
4) sin
2(t2 − t3 + t4)
−r22 + r23 + r24 + u
}
g3,4 =
r2r3r
2
4 (b
2 − a) sin(t2 − t3 + t4)
(2r23 + 2r
2
4 + u)
√
−r22 + r23 + r24 + u
g(3,5 =
r2r3 (a− b2)
√−r22 + r23 + r24 + u sin(t2 − t3 + t4)
2r23 + 2r
2
4 + u
g3,6 =
r2r3r
2
4 (b
2 − a) sin(t2 − t3 + t4)
(2r23 + 2r
2
4 + u)
√
−r22 + r23 + r24 + u
g4,4 = −r
2
2 (a (−r22 + 2r23 + r24 + u) + b2r24)
2r23 + 2r
2
4 + u
g4,5 = −
r2r3
(
ar2r3
√
−r22 + r23 + r24 + u− r4 (a− b2) (−r22 + r23 + r24 + u) cos(t2 − t3 + t4)
)
(2r23 + 2r
2
4 + u)
√−r22 + r23 + r24 + u
g4,6 = − b
2r22r
2
4
2r23 + 2r
2
4 + u
g5,5 = −r
2
3 (a (r
2
2 + r
2
4) + b
2 (−r22 + r23 + r24 + u))
2r23 + 2r
2
4 + u
g5,6 =
r3r4
(
ar3r4
√
−r22 + r23 + r24 + u− r2 (a− b2) (r22 − r23 − r24 − u) cos(t2 − t3 + t4)
)
(2r23 + 2r
2
4 + u)
√
−r22 + r23 + r24 + u
g6,6 = −r
2
4 (a (−r22 + 2r23 + r24 + u) + b2r22)
2r23 + 2r
2
4 + u
(A.2)
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B. Components of G-fluxes in type IIA mirror configuration
The twelve components of the four-form G-flux that we listed in (4.46) can be ex-
pressed in terms of the type IIB metric and flux-components in the following way:
F˜rψθ1θ2 = −(j2φ1φ1Frθ1θ2φ1φ2j2ψφ2 + j2φ1φ1bθ1φ1Frθ2φ2j2ψφ2 + jφ1φ1Frθ1θ2φ1φ2jψψj2φ1φ2
+jφ1φ1jφ2φ2Frθ1θ2φ1φ2j
2
ψφ1 + 4Fθ1θ2φ1brφ1j
2
φ1φ2jψφ2jψφ1 + j
2
φ1φ1Fθ1θ2φ1brφ2j
2
ψφ2
+j2φ1φ1jφ2φ2brφ1Fθ1θ2φ2jψψ + j
2
φ1φ1
bθ2φ2Frθ1φ1j
2
ψφ2
− j2φ1φ1brφ1Fθ1θ2φ2j2ψφ2
+j2φ1φ1jθ2φ2Frψθ1φ1φ2jψφ2 − 2Fθ1θ2φ1brφ1jφ1φ2j2ψφ1jφ2φ2 + 2Frφ1φ2j2ψφ1jφ1φ2jθ2φ2bθ1φ1
+2Frψφ1jθ2φ2bθ1φ1jψφ1j
2
φ1φ2 + 2jθ2φ2Fψθ1φ1brφ1jψφ1j
2
φ1φ2 − 2Fθ1θ2φ1brφ1j3φ1φ2jψψ
−jφ1φ1jθ1φ1Fθ2φ1φ2jφ1φ2brφ2jψψ − jφ1φ1jθ1φ1brφ1Fψθ2φ2jφ1φ2jψφ2
+jφ1φ1Fθ1θ2φ1brφ2jψψj
2
φ1φ2
+ jφ1φ1jθ1φ1Frψθ2φ1φ2jφ1φ2jψφ2 − 2jφ1φ1Fθ1θ2φ1brφ1jφ1φ2j2ψφ2
−jφ1φ1jθ2φ2Frψθ1φ1φ2jψφ1jφ1φ2 − jφ1φ1Frφ1φ2jψφ2jθ2φ2bθ1φ1jψφ1
−jφ1φ1Frφ1φ2jψφ2jθ1φ1bθ2φ2jψφ1 + jφ1φ1Frφ1φ2jφ1φ2jθ1φ1bθ2φ2jψψ
−2jφ1φ1Frθ1θ2φ1φ2jψφ2jψφ1jφ1φ2 − jφ1φ1brφ1Fθ1θ2φ2jψψj2φ1φ2
−2jφ1φ1Frψφ1jθ2φ2bθ1φ1jφ1φ2jψφ2 + j2φ1φ1jθ2φ2Fψθ1φ1brφ2jψφ2
−j2φ1φ1jθ2φ2Fθ1φ1φ2brφ2jψψ − j2φ1φ1jφ2φ2Fθ1θ2φ1brφ2jψψ
−j2φ1φ1jθ2φ2bθ1φ1Frψφ2jψφ2 − j2φ1φ1jφ2φ2bθ1φ1Frθ2φ2jψψ − 2jφ1φ1jθ2φ2Fψθ1φ1brφ1jφ1φ2jψφ2
−j2φ1φ1jφ2φ2bθ2φ2Frθ1φ1jψψ − j2φ1φ1jφ2φ2Frθ1θ2φ1φ2jψψ
+jφ1φ1jφ2φ2jθ1φ1brφ1Fψθ2φ2jψφ1 − 2jφ1φ1Fθ1θ2φ1brφ2jψφ2jψφ1jφ1φ2
+2jφ1φ1brφ1Fθ1θ2φ2jψφ2jψφ1jφ1φ2 + jφ1φ1Frψφ1jθ1φ1bθ2φ2jφ1φ2jψφ2
+jφ1φ1jθ2φ2Fθ1φ1φ2brφ1jφ1φ2jψψ − jφ1φ1jθ2φ2Fθ1φ1φ2jψφ2brφ1jψφ1
+jφ1φ1jθ2φ2bθ1φ1Frψφ2jψφ1jφ1φ2 + jφ1φ1jθ1φ1Fθ2φ1φ2jψφ1brφ2jψφ2
+jφ1φ1bθ1φ1Frθ2φ2jψψj
2
φ1φ2
− jφ1φ1jφ2φ2brφ1Fθ1θ2φ2j2ψφ1
−jφ1φ1jθ2φ2Fψθ1φ1brφ2jψφ1jφ1φ2 − jφ1φ1jφ2φ2jθ1φ1Frψθ2φ1φ2jψφ1
+jφ1φ1jφ2φ2bθ2φ2Frθ1φ1j
2
ψφ1 + jφ1φ1jφ2φ2jθ1φ1Fθ2φ1φ2brφ1jψψ
−jφ1φ1jφ2φ2Frψφ1jθ1φ1bθ2φ2jψφ1 + jφ1φ1jφ2φ2bθ1φ1Frθ2φ2j2ψφ1
+jφ1φ1jφ2φ2Fθ1θ2φ1brφ2j
2
ψφ1
− jφ1φ1Frφ1φ2jφ1φ2jθ2φ2bθ1φ1jψψ
+2jφ1φ1jφ2φ2Fθ1θ2φ1brφ1jφ1φ2jψψ − 2jφ1φ1bθ2φ2Frθ1φ1jψφ2jψφ1jφ1φ2
−2jφ1φ1bθ1φ1Frθ2φ2jψφ2jψφ1jφ1φ2 − jφ1φ1jθ1φ1Fθ2φ1φ2brφ1j2ψφ2
+jφ1φ1jθ2φ2Fθ1φ1φ2brφ2j
2
ψφ1
+ jφ1φ1bθ2φ2Frθ1φ1jψψj
2
φ1φ2
)/(jφ1φ1(
−jψψjφ1φ1jφ2φ2 + jψψj2φ1φ2 + j2ψφ1jφ2φ2 + j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2))
F˜rψθ1φ1 = (−j2φ1φ1Frθ1φ2jψψjφ2φ2
+j2φ1φ1Frθ1φ2j
2
ψφ2 + jφ1φ1jφ2φ2Frθ1φ2j
2
ψφ1
+2jφ1φ1jφ2φ2jφ1φ2Frθ1φ1jψψ + jφ1φ1jφ2φ2jθ1φ1Frφ1φ2jψψ
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−jφ1φ1jφ2φ2jθ1φ1Frψφ2jψφ1 − 2jφ1φ1jφ1φ2Frθ1φ1j2ψφ2
+jφ1φ1jθ1φ1Frψφ2jφ1φ2jψφ2 − jφ1φ1jθ1φ1Frφ1φ2j2ψφ2
−2jφ1φ1Frθ1φ2jψφ2jψφ1jφ1φ2 + jφ1φ1Frθ1φ2jψψj2φ1φ2
−2jφ2φ2jφ1φ2Frθ1φ1j2ψφ1 + 2jφ2φ2jθ1φ1jφ1φ2Frψφ1jψφ1
+2jθ1φ1Frφ1φ2jψφ2jψφ1jφ1φ2 − 2j3φ1φ2Frθ1φ1jψψ
+4j2φ1φ2Frθ1φ1jψφ2jψφ1 − 2jθ1φ1Frφ1φ2jψψj2φ1φ2
−2jθ1φ1j2φ1φ2Frψφ1jψφ2)/(jφ1φ1(−jψψjφ1φ1jφ2φ2
+jψψj
2
φ1φ2 + j
2
ψφ1jφ2φ2
+j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2))
F˜rψθ1φ2 = (jφ1φ1Frθ1φ1jψψjφ2φ2 − jφ1φ1Frθ1φ1j2ψφ2
+jφ2φ2jθ1φ1Frψφ1jψφ1 − jφ2φ2Frθ1φ1j2ψφ1
−jθ1φ1Frφ1φ2jφ1φ2jψψ + 2Frθ1φ1jψφ2jψφ1jφ1φ2
−Frθ1φ1jψψj2φ1φ2 − jθ1φ1Frψφ1jφ1φ2jψφ2
+jθ1φ1Frφ1φ2jψφ2jψφ1)/(−jψψjφ1φ1jφ2φ2
+jψψj
2
φ1φ2
+ j2ψφ1jφ2φ2
+j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2)
F˜rψθ2φ1 = −(j2φ1φ1Frθ2φ2jψψjφ2φ2
+j2φ1φ1jθ2φ2Frψφ2jψφ2 − j2φ1φ1Frθ2φ2j2ψφ2
−2jφ1φ1jφ2φ2jφ1φ2Frθ2φ1jψψ − jφ1φ1jφ2φ2Frθ2φ2j2ψφ1
+2jφ1φ1jφ1φ2Frθ2φ1j
2
ψφ2
− jφ1φ1Frθ2φ2jψψj2φ1φ2
−jφ1φ1jθ2φ2Frφ1φ2jψφ2jψφ1 − 2jφ1φ1jθ2φ2jφ1φ2Frψφ1jψφ2
−jφ1φ1jθ2φ2Frψφ2jψφ1jφ1φ2 + 2jφ1φ1Frθ2φ2jψφ2jψφ1jφ1φ2
−jφ1φ1jθ2φ2Frφ1φ2jφ1φ2jψψ + 2jφ1φ2Frθ2φ1j2ψφ1jφ2φ2
−4j2φ1φ2Frθ2φ1jψφ2jψφ1 + 2jθ2φ2j2φ1φ2Frψφ1jψφ1
+2jθ2φ2Frφ1φ2jφ1φ2j
2
ψφ1 + 2j
3
φ1φ2Frθ2φ1jψψ)/(jφ1φ1(
−jψψjφ1φ1jφ2φ2 + jψψj2φ1φ2
+j2ψφ1jφ2φ2 + j
2
ψφ2
jφ1φ1
−2jψφ2jψφ1jφ1φ2))
F˜rψθ2φ2 = −(−jφ1φ1Frθ2φ1jψψjφ2φ2 − jφ1φ1jθ2φ2Frφ1φ2jψψ
−jφ1φ1jθ2φ2Frψφ1jψφ2 + jφ1φ1Frθ2φ1j2ψφ2
+Frθ2φ1j
2
ψφ1
jφ2φ2 + jθ2φ2Frφ1φ2j
2
ψφ1
– 49 –
−2Frθ2φ1jψφ2jψφ1jφ1φ2 + Frθ2φ1jψψj2φ1φ2
+jθ2φ2Frψφ1jψφ1jφ1φ2)/(−jψψjφ1φ1jφ2φ2
+jψψj
2
φ1φ2
+ j2ψφ1jφ2φ2
+j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2)
F˜rθ1θ2φ1 = −(−2jθ1φ1j2φ1φ1Fθ2φ1φ2brφ1j5φ1φ2j3ψφ2 − jθ1φ1j5φ1φ1Fθ2φ1φ2brψj3φ2φ2jψψ
+jθ1φ1j
5
φ1φ1
Fθ2φ1φ2brψj
2
φ2φ2
j2ψφ2 + jθ1φ1j
3
φ1φ1
Fθ2φ1φ2brψj
4
φ1φ2
j2ψφ2
+2jθ1φ1j
2
φ1φ1Fθ2φ1φ2brψj
6
φ1φ2jψψ − jθ1φ1j5φ1φ1Fθ2φ1φ2brφ2j3ψφ2jφ2φ2
+jθ1φ1j
4
φ1φ1Fθ2φ1φ2brφ2j
3
ψφ2j
2
φ1φ2 − 2jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1j3φ1φ2j3ψφ2
+jθ1φ1j
3
φ1φ1
Fθ2φ1φ2brφ2jψφ2j
4
φ1φ2
jψψ − jθ1φ1j5φ1φ1Fθ2φ1φ2brφ2jψφ2j3φ2φ2jψψ
−2jθ1φ1j4φ1φ1Fθ2φ1φ2brψj2φ2φ2jψφ2jψφ1jφ1φ2 − 2jθ1φ1j4φ1φ1Fθ2φ1φ2brψjφ2φ2j2φ1φ2j2ψφ2
+4jθ1φ1j
3
φ1φ1Fθ2φ1φ2brψjφ2φ2j
3
φ1φ2jψφ2jψφ1 + 2jθ1φ1j
4
φ1φ1Fθ2φ1φ2brφ1jψφ1j
3
φ2φ2jψψ
−4jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1jψφ1j2φ2φ2jψψj2φ1φ2 − 2jθ1φ1j2φ1φ1Fθ2φ1φ2brφ2jψφ1j5φ1φ2jψψ
+2jθ1φ1j
2
φ1φ1Fθ2φ1φ2brφ2j
2
ψφ1j
4
φ1φ2jψφ2 − 2jθ1φ1j2φ1φ1Fθ2φ1φ2brφ1j5φ1φ2jψφ2jψψ
+2jθ1φ1j
2
φ1φ1Fθ2φ1φ2brφ1j
4
φ1φ2j
2
ψφ2jψφ1 − 2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ1jψφ1j2φ2φ2j2ψφ2
−2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ1jφ1φ2j3ψφ2j2φ2φ2 + 2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ1jφ1φ2jψφ2j3φ2φ2jψψ
−2jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1jφ1φ2jψφ2j3φ2φ2j2ψφ1 + 4jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1j3φ1φ2j3ψφ2jφ2φ2
−2jθ1φ1jφ1φ1Fθ2φ1φ2brφ1j7φ1φ2jψφ2jψψ + 4jθ1φ1jφ1φ1Fθ2φ1φ2brφ1j6φ1φ2j2ψφ2jψφ1
−6jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1j3φ1φ2jψφ2j2φ2φ2jψψ + 4jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1j2φ1φ2j2ψφ2j2φ2φ2jψφ1
+6jθ1φ1j
2
φ1φ1
Fθ2φ1φ2brφ1j
5
φ1φ2
jψφ2jφ2φ2jψψ + 3jθ1φ1j
4
φ1φ1
Fθ2φ1φ2brφ2jψφ2j
2
φ2φ2
jψψj
2
φ1φ2
+jθ1φ1j
4
φ1φ1Fθ2φ1φ2brφ2jψφ2j
3
φ2φ2j
2
ψφ1 − 2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ2j2ψφ2j2φ2φ2jψφ1jφ1φ2
−3jθ1φ1j3φ1φ1Fθ2φ1φ2brφ2jψφ2jφ2φ2j4φ1φ2jψψ − 2jθ1φ1j3φ1φ1Fθ2φ1φ2brφ2jψφ2j2φ2φ2j2φ1φ2j2ψφ1
−2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ2j3ψφ2jφ2φ2j2φ1φ2 + 4jθ1φ1j3φ1φ1Fθ2φ1φ2brφ2j2ψφ2jφ2φ2j3φ1φ2jψφ1
+jθ1φ1j
2
φ1φ1Fθ2φ1φ2brφ2jψφ2j
6
φ1φ2jψψ + jθ1φ1j
2
φ1φ1Fθ2φ1φ2brφ2jψφ2j
4
φ1φ2j
2
ψφ1jφ2φ2
−2jθ1φ1j2φ1φ1Fθ2φ1φ2brφ2j2ψφ2j5φ1φ2jψφ1 − 2jθ1φ1j3φ1φ1Fθ2φ1φ2brφ2j2ψφ2j3φ1φ2jψφ1
−2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ2jψφ1jφ1φ2j2φ2φ2jψψ + 4jθ1φ1j3φ1φ1Fθ2φ1φ2brφ2jψφ1j3φ1φ2jφ2φ2jψψ
−2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ1jφ1φ2jψφ2j2φ2φ2jψψ + 4jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1j3φ1φ2jψφ2jφ2φ2jψψ
+2jθ1φ1j
4
φ1φ1
Fθ2φ1φ2brφ1jφ1φ2j
3
ψφ2
jφ2φ2 − 2jθ1φ1j2φ1φ1Fθ2φ1φ2brψj5φ1φ2jψφ2jψφ1
+4jθ1φ1j
4
φ1φ1
Fθ2φ1φ2brψj
2
φ2φ2
jψψj
2
φ1φ2
− 5jθ1φ1j3φ1φ1Fθ2φ1φ2brψjφ2φ2j4φ1φ2jψψ
−2j4φ1φ1jθ2φ2Fθ1φ1φ2j2ψφ1jφ1φ2brψj2φ2φ2 + 4j3φ1φ1jθ2φ2Fθ1φ1φ2j2ψφ1j3φ1φ2brψjφ2φ2
−2j2φ1φ1jθ2φ2Fθ1φ1φ2j3ψφ1j3φ1φ2brφ1jφ2φ2 + 2j2φ1φ1jθ2φ2Fθ1φ1φ2j2ψφ1j4φ1φ2brφ1jψφ2
+j5φ1φ1jθ2φ2Fθ1φ1φ2jφ1φ2brψj
2
φ2φ2
jψψ − j3φ1φ1jθ2φ2Fθ1φ1φ2j2φ1φ2brφ2j3ψφ1jφ2φ2
−2j4φ1φ1jθ2φ2Fθ1φ1φ2j3φ1φ2brψjφ2φ2jψψ − j3φ1φ1jθ2φ2Fθ1φ1φ2j4φ1φ2brφ2jψφ1jψψ
−2j4φ1φ1jθ2φ2Fθ1φ1φ2jφ1φ2brφ2jψφ2j2ψφ1jφ2φ2 + 2j4φ1φ1jθ2φ2Fθ1φ1φ2j2φ1φ2brφ2jψφ1jψψjφ2φ2
– 50 –
−2jφ1φ1jθ2φ2Fθ1φ1φ2brφ1j5φ1φ2j3ψφ1jφ2φ2 + 4jφ1φ1jθ2φ2Fθ1φ1φ2brφ1j6φ1φ2jψφ2j2ψφ1
−2jφ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ1j7φ1φ2jψψ − 2j4φ1φ1jθ2φ2Fθ1φ1φ2brφ2j2φ2φ2jψφ2j2ψφ1jφ1φ2
−2j3φ1φ1jθ2φ2Fθ1φ1φ2brφ2j2φ2φ2j2φ1φ2j3ψφ1 + 4j3φ1φ1jθ2φ2Fθ1φ1φ2brφ2jφ2φ2j3φ1φ2jψφ2j2ψφ1
+j2φ1φ1jθ2φ2Fθ1φ1φ2brφ2j
4
φ1φ2
j3ψφ1jφ2φ2 − 2j2φ1φ1jθ2φ2Fθ1φ1φ2brφ2j5φ1φ2jψφ2j2ψφ1
−2j3φ1φ1jθ2φ2Fθ1φ1φ2brφ1jφ1φ2j3φ2φ2j3ψφ1 + j5φ1φ1jθ2φ2Fθ1φ1φ2jψφ2brψj2φ2φ2jψφ1
−2j4φ1φ1jθ2φ2Fθ1φ1φ2jψφ2brψjφ2φ2jψφ1j2φ1φ2 + j3φ1φ1jθ2φ2Fθ1φ1φ2jψφ2brψj4φ1φ2jψφ1
+4j3φ1φ1jθ2φ2Fθ1φ1φ2jψφ2brφ1j
2
ψφ1
jφ2φ2j
2
φ1φ2
+ 5j4φ1φ1jθ2φ2Fθ1φ1φ2j
2
ψφ2
brφ2jψφ1j
2
φ1φ2
−2j5φ1φ1jθ2φ2Fθ1φ1φ2j3ψφ2brφ2jφ1φ2 + 2j4φ1φ1jθ2φ2Fθ1φ1φ2j3ψφ2brφ1j2φ1φ2
−2j2φ1φ1jθ2φ2Fθ1φ1φ2j2ψφ1j5φ1φ2brψ + 2j2φ1φ1jθ2φ2Fθ1φ1φ2j3ψφ1j4φ1φ2brφ2
+j3φ1φ1jθ2φ2Fθ1φ1φ2j
5
φ1φ2
brψjψψ − 4j3φ1φ1jθ2φ2Fθ1φ1φ2jψφ2brφ2j2ψφ1j3φ1φ2
−4j3φ1φ1jθ2φ2Fθ1φ1φ2j2ψφ2brφ1j3φ1φ2jψφ1 − 2j4φ1φ1jθ2φ2Fθ1φ1φ2j2ψφ2brφ1jψφ1jφ2φ2jφ1φ2
+j4φ1φ1jθ2φ2Fθ1φ1φ2brφ2j
3
φ2φ2j
3
ψφ1 − 8jθ1φ1j2φ1φ1Fθ2φ1φ2brφ1j4φ1φ2j2ψφ2jφ2φ2jψφ1
−2jθ1φ1jφ1φ1Fθ2φ1φ2brφ1j5φ1φ2jψφ2j2ψφ1jφ2φ2 + 2jθ1φ1j3φ1φ1Fθ2φ1φ2brφ1j2ψφ1j2φ2φ2jψφ2jφ1φ2
+2jθ1φ1j
2
φ1φ1Fθ2φ1φ2brφ1jψφ1jφ2φ2j
4
φ1φ2jψψ + jθ1φ1j
5
φ1φ1Fθ2φ1φ2brφ2j
3
ψφ2j
2
φ2φ2
+jθ1φ1j
3
φ1φ1Fθ2φ1φ2brφ2j
3
ψφ2j
4
φ1φ2 − 3jθ1φ1j3φ1φ1Fθ2φ1φ2j2ψφ1jφ2φ2brφ2j2φ1φ2jψφ2
−2jθ1φ1j2φ1φ1Fθ2φ1φ2brφ1j2ψφ1jφ2φ2j3φ1φ2jψφ2 + jθ1φ1j5φ1φ1Fθ2φ1φ2brφ2jψφ2j2φ2φ2jψψ
−2jθ1φ1j4φ1φ1Fθ2φ1φ2brφ2jψφ2jφ2φ2jψψj2φ1φ2 + jθ1φ1j4φ1φ1Fθ2φ1φ2brφ2jψφ2j2φ2φ2j2ψφ1
+2jθ1φ1j
4
φ1φ1Fθ2φ1φ2brφ2j
2
ψφ2jφ2φ2jψφ1jφ1φ2 + 4jθ1φ1j
2
φ1φ1Fθ2φ1φ2brφ1j
2
ψφ1j
3
φ1φ2j
2
φ2φ2jψφ2
−j5φ1φ1jθ2φ2Fθ1φ1φ2jψφ1j2φ2φ2brφ2jψψ + j5φ1φ1jθ2φ2Fθ1φ1φ2jψφ1jφ2φ2brφ2j2ψφ2
−jθ2φ2j2φ1φ1Fψθ1φ1j5φ1φ2brφ2j2ψφ1jφ2φ2 − jθ2φ2j2φ1φ1Fψθ1φ1j7φ1φ2brφ2jψψ
−2jθ2φ2j2φ1φ1Fψθ1φ1j5φ1φ2brφ2j2ψφ1 − 2jθ2φ2j3φ1φ1Fψθ1φ1j5φ1φ2brψjψφ2
+2jθ2φ2j
3
φ1φ1
Fψθ1φ1j
2
φ2φ2
brφ2j
3
φ1φ2
j2ψφ1 + 2jθ2φ2j
4
φ1φ1
Fψθ1φ1jφ2φ2brφ2j
3
φ1φ2
j2ψφ2
−4jθ2φ2j3φ1φ1Fψθ1φ1jφ2φ2brψj4φ1φ2jψφ1 + jθ2φ2j5φ1φ1Fψθ1φ1j3φ2φ2jφ1φ2brφ2jψψ
−jθ2φ2j4φ1φ1Fψθ1φ1j3φ2φ2jφ1φ2brφ2j2ψφ1 − jθ2φ2j5φ1φ1Fψθ1φ1j2φ2φ2jφ1φ2brφ2j2ψφ2
+3jθ2φ2j
3
φ1φ1
Fψθ1φ1jφ2φ2brφ2j
5
φ1φ2
jψψ − 2jθ2φ2j5φ1φ1Fψθ1φ1j2φ2φ2brψjφ1φ2jψφ2
+4jθ2φ2j
4
φ1φ1
Fψθ1φ1j
2
φ2φ2
brφ1jψφ1jφ1φ2jψφ2 − jθ2φ2j5φ1φ1Fψθ1φ1j2φ2φ2brφ2jψφ2jψφ1
+2jθ2φ2j
4
φ1φ1Fψθ1φ1j
2
φ2φ2brψjψφ1j
2
φ1φ2 − 3jθ2φ2j4φ1φ1Fψθ1φ1j2φ2φ2brφ2jψψj3φ1φ2
+2jθ2φ2j
4
φ1φ1
Fψθ1φ1j
2
φ2φ2
brφ2jψφ2jψφ1j
2
φ1φ2
+ 2jθ2φ2j
2
φ1φ1
Fψθ1φ1j
6
φ1φ2
brφ2jψφ2jψφ1
−4jθ2φ2j3φ1φ1Fψθ1φ1jφ2φ2brφ2j4φ1φ2jψφ2jψφ1 + 4jθ2φ2j4φ1φ1Fψθ1φ1jφ2φ2brψj3φ1φ2jψφ2
−4jθ2φ2j3φ1φ1Fψθ1φ1brφ1j2φ1φ2j2φ2φ2j2ψφ1 − 4jθ2φ2j4φ1φ1Fψθ1φ1brφ1j2φ1φ2jφ2φ2j2ψφ2
−4jθ2φ2j2φ1φ1Fψθ1φ1brφ1j5φ1φ2jψφ2jψφ1 + jθ2φ2j4φ1φ1Fψθ1φ1jφ1φ2brφ2j2φ2φ2j2ψφ1
+3jθ2φ2j
5
φ1φ1
Fψθ1φ1jφ1φ2brφ2jφ2φ2j
2
ψφ2
− jθ2φ2j3φ1φ1Fψθ1φ1j5φ1φ2brφ2j2ψφ2
+5jθ2φ2j
3
φ1φ1Fψθ1φ1brφ2j
4
φ1φ2jψφ2jψφ1 + 4j
3
φ1φ1jθ2φ2Fθ1φ1φ2brφ1j
2
φ1φ2j
2
φ2φ2jψφ2j
2
ψφ1
+4j2φ1φ1jθ2φ2Fθ1φ1φ2brφ1j
3
φ1φ2
j2φ2φ2j
3
ψφ1
− 8j2φ1φ1jθ2φ2Fθ1φ1φ2brφ1j4φ1φ2jφ2φ2jψφ2j2ψφ1
– 51 –
−j5φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2j3φ2φ2jψψ + j5φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2j2φ2φ2j2ψφ2
+j2φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2j
6
φ1φ2jψψ + j
3
φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2j
4
φ1φ2j
2
ψφ2
−2j2φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ1j5φ1φ2j2ψφ2 + 3j4φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2j2φ2φ2jψψj2φ1φ2
−3j3φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2jφ2φ2j4φ1φ2jψψ − 2j4φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ2jφ2φ2j2φ1φ2j2ψφ2
+2j4φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ1jφ1φ2j
3
φ2φ2jψψ − 6j3φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ1j3φ1φ2j2φ2φ2jψψ
−2j4φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ1jφ1φ2j2φ2φ2j2ψφ2 + 6j2φ1φ1jθ2φ2Fθ1φ1φ2jψφ1brφ1j5φ1φ2jφ2φ2jψψ
+j4φ1φ1jθ2φ2Fθ1φ1φ2j
3
ψφ1
j2φ2φ2brφ2 + 4j
3
φ1φ1
jθ2φ2Fθ1φ1φ2jψφ1brφ1j
3
φ1φ2
jφ2φ2j
2
ψφ2
+2jθ2φ2j
2
φ1φ1Fψθ1φ1j
6
φ1φ2brψjψφ1 − 4jθ2φ2j4φ1φ1Fψθ1φ1brφ2jφ2φ2jψφ2jψφ1j2φ1φ2
+jθ2φ2j
3
φ1φ1Fψθ1φ1brφ2j
3
φ1φ2j
2
ψφ1jφ2φ2 − 3jθ2φ2j4φ1φ1Fψθ1φ1brφ2j3φ1φ2j2ψφ2
+4jθ2φ2j
2
φ1φ1
Fψθ1φ1brφ1j
4
φ1φ2
j2ψφ1jφ2φ2 + 4jθ2φ2j
3
φ1φ1
Fψθ1φ1brφ1j
4
φ1φ2
j2ψφ2
+2jθ1φ1j
4
φ1φ1Fψθ2φ2j
3
φ2φ2j
2
ψφ1brφ1 − jθ1φ1j5φ1φ1Fψθ2φ2j3φ2φ2jψφ1brψ
+2jθ1φ1j
4
φ1φ1Fψθ2φ2jφ2φ2brφ1j
2
φ1φ2j
2
ψφ2 − jθ1φ1j5φ1φ1Fψθ2φ2j3φ2φ2jφ1φ2brφ2jψψ
+jθ1φ1j
4
φ1φ1
Fψθ2φ2j
3
φ2φ2
jφ1φ2brφ2j
2
ψφ1
+ jθ1φ1j
5
φ1φ1
Fψθ2φ2j
2
φ2φ2
jφ1φ2brφ2j
2
ψφ2
−3jθ1φ1j3φ1φ1Fψθ2φ2jφ2φ2brφ2j5φ1φ2jψψ + jθ1φ1j5φ1φ1Fψθ2φ2j2φ2φ2brψjφ1φ2jψφ2
+6jθ1φ1j
2
φ1φ1Fψθ2φ2jφ2φ2brφ1j
6
φ1φ2jψψ + jθ1φ1j
5
φ1φ1Fψθ2φ2j
2
φ2φ2brφ2jψφ2jψφ1
+2jθ1φ1j
4
φ1φ1
Fψθ2φ2j
2
φ2φ2
brψjψφ1j
2
φ1φ2
− jθ1φ1j4φ1φ1Fψθ2φ2j2φ2φ2brφ2j2ψφ1jφ1φ2
+3jθ1φ1j
4
φ1φ1
Fψθ2φ2j
2
φ2φ2
brφ2jψψj
3
φ1φ2
− 2jθ1φ1j4φ1φ1Fψθ2φ2j2φ2φ2brφ2jψφ2jψφ1j2φ1φ2
−2jθ1φ1j3φ1φ1Fψθ2φ2j2φ2φ2brφ2j3φ1φ2j2ψφ1 − 2jθ1φ1j4φ1φ1Fψθ2φ2jφ2φ2brφ2j3φ1φ2j2ψφ2
+4jθ1φ1j
2
φ1φ1
Fψθ2φ2j
2
φ2φ2
brφ1j
4
φ1φ2
j2ψφ1 + 4jθ1φ1j
3
φ1φ1
Fψθ2φ2jφ2φ2brφ1j
4
φ1φ2
j2ψφ2
−2jθ1φ1j2φ1φ1Fψθ2φ2j6φ1φ2brφ2jψφ2jψφ1 − j5φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j2φ2φ2jψψ
+jθ1φ1j
3
φ1φ1Fψθ2φ2j
5
φ1φ2brφ2j
2
ψφ2 − 2jθ1φ1jφ1φ1Fψθ2φ2j6φ1φ2brφ1j2ψφ1jφ2φ2
−2jθ1φ1j2φ1φ1Fψθ2φ2j6φ1φ2brφ1j2ψφ2 − 2jθ1φ1jφ1φ1Fψθ2φ2j8φ1φ2brφ1jψψ
+4jθ1φ1j
3
φ1φ1
Fψθ2φ2jφ2φ2brφ2j
4
φ1φ2
jψφ2jψφ1 + 2jθ1φ1j
4
φ1φ1
Fψθ2φ2j
3
φ2φ2
brφ1j
2
φ1φ2
jψψ
−6jθ1φ1j3φ1φ1Fψθ2φ2j2φ2φ2brφ1j4φ1φ2jψψ − 2jθ1φ1j3φ1φ1Fψθ2φ2j3φ2φ2brφ1j2φ1φ2j2ψφ1
−2jθ1φ1j4φ1φ1Fψθ2φ2j2φ2φ2brφ1j2φ1φ2j2ψφ2 + 4jθ1φ1j3φ1φ1Fψθ2φ2j2φ2φ2brφ1j3φ1φ2jψφ2jψφ1
−8jθ1φ1j2φ1φ1Fψθ2φ2jφ2φ2brφ1j5φ1φ2jψφ2jψφ1 − 2jθ1φ1j4φ1φ1Fψθ2φ2jφ2φ2brψj3φ1φ2jψφ2
−2jθ1φ1j3φ1φ1Fψθ2φ2j2φ1φ2j2ψφ1j2φ2φ2brφ1 + 4jθ1φ1j3φ1φ1Fψθ2φ2j3φ1φ2brφ1jψφ1jφ2φ2jψφ2
−jθ1φ1j3φ1φ1Fψθ2φ2j4φ1φ2brφ2jψφ2jψφ1 − jθ1φ1j3φ1φ1Fψθ2φ2j4φ1φ2brψjφ2φ2jψφ1
+jθ1φ1j
3
φ1φ1
Fψθ2φ2j
3
φ1φ2
brφ2j
2
ψφ1
jφ2φ2 + jθ1φ1j
2
φ1φ1
Fψθ2φ2j
5
φ1φ2
brφ2j
2
ψφ1
jφ2φ2
−jθ1φ1j5φ1φ1Fψθ2φ2jφ2φ2brφ2j2ψφ2jφ1φ2 − 4jθ1φ1j4φ1φ1Fψθ2φ2j2φ2φ2brφ1jψφ1jφ1φ2jψφ2
+4jθ1φ1jφ1φ1Fψθ2φ2j
7
φ1φ2
brφ1jψφ2jψφ1 + jθ1φ1j
3
φ1φ1
Fψθ2φ2j
5
φ1φ2
brψjψφ2
+jθ1φ1j
4
φ1φ1
Fψθ2φ2j
3
φ1φ2
brφ2j
2
ψφ2
− 2jθ1φ1j3φ1φ1Fψθ2φ2j4φ1φ2brφ1j2ψφ2
+jθ1φ1j
2
φ1φ1Fψθ2φ2j
7
φ1φ2brφ2jψψ + j
5
φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j
3
φ2φ2jψψ
−j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j3φ2φ2j2ψφ1 + 2j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3ψφ2jφ2φ2j2φ1φ2
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−j2φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j6φ1φ2jψψ − 3j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j2φ2φ2jψψj2φ1φ2
+3j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2jφ2φ2j
4
φ1φ2jψψ + 2j
4
φ1φ1bθ2φ2jθ1φ1Frφ1φ2jφ1φ2jψφ1j
2
φ2φ2j
2
ψφ2
+2j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2j
2
φ1φ2
j2ψφ1j
2
φ2φ2
jψφ2 − 4j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3φ1φ2jψφ1jφ2φ2j2ψφ2
−j2φ1φ1bθ2φ2jθ1φ1Frφ1φ2j4φ1φ2j2ψφ1jφ2φ2jψφ2 + 2j2φ1φ1bθ2φ2jθ1φ1Frφ1φ2j5φ1φ2jψφ1j2ψφ2
+2j4φ1φ1Frψφ2j
3
φ1φ2j
2
ψφ2bθ1φ1jθ2φ2 − j4φ1φ1Frψφ2j3φ1φ2j2ψφ2jθ1φ1bθ2φ2
+j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j
2
φ2φ2
j2ψφ1 − j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j4φ1φ2jψψ
+8j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2j
2
ψφ2
j3φ1φ2jψφ1 − 2j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3ψφ1jφ1φ2j2φ2φ2
+2j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2jφ2φ2jψψj
2
φ1φ2 − 2j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2j2ψφ2jφ2φ2jψφ1jφ1φ2
−j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ2j2φ1φ2j2ψφ1jφ2φ2 + 2j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ1jφ1φ2j2φ2φ2jψψ
−4j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ1j3φ1φ2jφ2φ2jψψ + j5φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3ψφ2jφ2φ2
−3j4φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3ψφ2j2φ1φ2 + 2j2φ1φ1bθ2φ2jθ1φ1Frφ1φ2jψφ1j5φ1φ2jψψ
+4j2φ1φ1bθ2φ2jθ1φ1Frφ1φ2j
3
ψφ1j
3
φ1φ2jφ2φ2 − 6j2φ1φ1bθ2φ2jθ1φ1Frφ1φ2j2ψφ1j4φ1φ2jψφ2
−j5φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3ψφ2j2φ2φ2 − j3φ1φ1bθ2φ2jθ1φ1Frφ1φ2j3ψφ2j4φ1φ2
+6j4φ1φ1jθ1φ1bθ2φ2Frψφ1j
2
φ2φ2jψφ2jψφ1jφ1φ2 + 2j
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φ1φ1jθ1φ1bθ2φ2Frψφ1j
2
φ2φ2j
3
φ1φ2jψφ2jψφ1
−4j2φ1φ1jθ1φ1bθ2φ2Frψφ1jφ2φ2j5φ1φ2jψφ2jψφ1 − 6j3φ1φ1jθ1φ1bθ2φ2Frψφ1j3φ1φ2jφ2φ2jψφ2jψφ1
−j2φ1φ1jθ1φ1bθ2φ2Frψφ1j6φ1φ2j2ψφ2 − j2φ1φ1jθ1φ1bθ2φ2Frψφ1j6φ1φ2jψψ
+2jφ1φ1jθ1φ1bθ2φ2Frψφ1j
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jψφ2jψφ1 + bθ2φ2Frθ1φ2j
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j3ψφ2j
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+bθ2φ2Frθ1φ2j
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ψφ2j
4
φ1φ2 − jφ1φ1jθ1φ1bθ2φ2Frψφ1j6φ1φ2j2ψφ1jφ2φ2
−jφ1φ1jθ1φ1bθ2φ2Frψφ1j8φ1φ2jψψ + j5φ1φ1jθ1φ1bθ2φ2Frψφ1j3φ2φ2jψψ
+j3φ1φ1jθ1φ1bθ2φ2Frψφ1j
2
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j2φ1φ2j
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ψφ1
− j4φ1φ1jθ1φ1bθ2φ2Frψφ1jφ2φ2j2φ1φ2j2ψφ2
+j4φ1φ1jθ1φ1bθ2φ2Frψφ1j
3
φ2φ2jψψj
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φ1φ2 − 3j3φ1φ1jθ1φ1bθ2φ2Frψφ1j2φ2φ2j4φ1φ2jψψ
−j3φ1φ1jθ1φ1bθ2φ2Frψφ1j3φ2φ2j2φ1φ2j2ψφ1 − j4φ1φ1jθ1φ1bθ2φ2Frψφ1j2φ2φ2j2φ1φ2j2ψφ2
+3j2φ1φ1jθ1φ1bθ2φ2Frψφ1jφ2φ2j
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φ1φ2
jψψ + 2j
2
φ1φ1
jθ1φ1bθ2φ2Frψφ1j
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φ2φ2
j4φ1φ2j
2
ψφ1
+2j3φ1φ1jθ1φ1bθ2φ2Frψφ1jφ2φ2j
4
φ1φ2j
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ψφ2 − 3j4φ1φ1jθ1φ1bθ2φ2Frψφ1j2φ2φ2jψψj2φ1φ2
+3j3φ1φ1jθ1φ1bθ2φ2Frψφ1jφ2φ2j
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jψψ + j
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φ1φ1
jθ1φ1bθ2φ2Frψφ1j
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j2ψφ1jφ2φ2
−j5φ1φ1jθ1φ1bθ2φ2Frψφ1j2φ2φ2j2ψφ2 + 2j3φ1φ1jθ1φ1bθ2φ2Frψφ1j4φ1φ2j2ψφ2
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−2j5φ1φ1Frψφ2jφ2φ2jφ1φ2j2ψφ2bθ1φ1jθ2φ2 + j5φ1φ1Frψφ2jφ2φ2jφ1φ2j2ψφ2jθ1φ1bθ2φ2
−2j4φ1φ1Frψφ2j2φ2φ2j2ψφ1jφ1φ2bθ1φ1jθ2φ2 + j4φ1φ1Frψφ2j2φ2φ2j2ψφ1jφ1φ2jθ1φ1bθ2φ2
−j5φ1φ1Frψφ2j3φ2φ2jθ1φ1jφ1φ2bθ2φ2jψψ + 3j4φ1φ1Frψφ2j2φ2φ2jθ1φ1j3φ1φ2bθ2φ2jψψ
+j4φ1φ1Frψφ2j
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jθ1φ1jφ1φ2bθ2φ2j
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+ j5φ1φ1Frψφ2j
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jθ1φ1jφ1φ2bθ2φ2j
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ψφ2
−2j4φ1φ1Frψφ2j2φ2φ2jθ1φ1j2φ1φ2bθ2φ2jψφ2jψφ1 − 2j3φ1φ1Frψφ2j2φ2φ2jθ1φ1j3φ1φ2bθ2φ2j2ψφ1
−2j4φ1φ1Frψφ2jφ2φ2jθ1φ1j3φ1φ2bθ2φ2j2ψφ2 + 4j3φ1φ1Frψφ2jφ2φ2jθ1φ1j4φ1φ2bθ2φ2jψφ2jψφ1
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+2j5φ1φ1Frψφ2j
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bθ1φ1jφ1φ2jθ2φ2jψψ − 6j4φ1φ1Frψφ2j2φ2φ2bθ1φ1j3φ1φ2jθ2φ2jψψ
−2j4φ1φ1Frψφ2j3φ2φ2bθ1φ1jφ1φ2jθ2φ2j2ψφ1 − 2j5φ1φ1Frψφ2j2φ2φ2bθ1φ1jφ1φ2jθ2φ2j2ψφ2
+4j4φ1φ1Frψφ2j
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φ2φ2
bθ1φ1j
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jθ2φ2jψφ2jψφ1 + 4j
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Frψφ2j
2
φ2φ2
bθ1φ1j
3
φ1φ2
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ψφ1
+2j3φ1φ1Frψφ2j
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j2ψφ1jφ2φ2bθ1φ1jθ2φ2 − j3φ1φ1Frψφ2j3φ1φ2j2ψφ1jφ2φ2jθ1φ1bθ2φ2
−2j3φ1φ1Frψφ2j4φ1φ2jψφ2jψφ1bθ1φ1jθ2φ2 + j3φ1φ1Frψφ2j4φ1φ2jψφ2jψφ1jθ1φ1bθ2φ2
+j2φ1φ1Frψφ2j
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φ1φ2
jθ1φ1bθ2φ2j
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ψφ1
jφ2φ2 + j
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φ1φ1
Frψφ2j
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φ1φ2
jθ1φ1bθ2φ2j
2
ψφ2
−2j2φ1φ1Frψφ2j6φ1φ2jθ1φ1bθ2φ2jψφ2jψφ1 − 2j2φ1φ1Frψφ2j5φ1φ2bθ1φ1jθ2φ2j2ψφ1jφ2φ2
−2j3φ1φ1Frψφ2j5φ1φ2bθ1φ1jθ2φ2j2ψφ2 + 4j4φ1φ1Frψφ2jφ2φ2bθ1φ1j3φ1φ2jθ2φ2j2ψφ2
−8j3φ1φ1Frψφ2jφ2φ2bθ1φ1j4φ1φ2jθ2φ2jψφ2jψφ1 + j2φ1φ1Frψφ2j7φ1φ2jθ1φ1bθ2φ2jψψ
−2j2φ1φ1Frψφ2j7φ1φ2bθ1φ1jθ2φ2jψψ + 6j3φ1φ1Frψφ2jφ2φ2bθ1φ1j5φ1φ2jθ2φ2jψψ
+2j5φ1φ1Frψφ2j
2
φ2φ2jψφ1jψφ2bθ1φ1jθ2φ2 − bθ2φ2Frθ1φ2j2φ1φ1jψφ1j7φ1φ2jψψ
−bθ2φ2Frθ1φ2j2φ1φ1j3ψφ1j5φ1φ2jφ2φ2 + 2bθ2φ2Frθ1φ2j2φ1φ1j2ψφ1j6φ1φ2jψφ2
+bθ2φ2Frθ1φ2j
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φ1φ1
jψφ2j
2
φ2φ2
jψψ + bθ2φ2Frθ1φ2j
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φ1φ1
jψφ2j
4
φ1φ2
jψψ
−3bθ2φ2Frθ1φ2j4φ1φ1j2ψφ2j3φ1φ2jψφ1 − bθ2φ2Frθ1φ2j5φ1φ1jψφ2j2φ2φ2j2ψφ1
−bθ2φ2Frθ1φ2j6φ1φ1j3ψφ2jφ2φ2 + bθ2φ2Frθ1φ2j5φ1φ1j3ψφ2j2φ1φ2
−bθ2φ2Frθ1φ2j5φ1φ1jψφ1jφ1φ2j2φ2φ2jψψ + 2bθ2φ2Frθ1φ2j4φ1φ1jψφ1j3φ1φ2jφ2φ2jψψ
−2bθ2φ2Frθ1φ2j5φ1φ1jψφ2jφ2φ2jψψj2φ1φ2 + 3bθ2φ2Frθ1φ2j5φ1φ1j2ψφ2jφ2φ2jψφ1jφ1φ2
−bθ2φ2Frθ1φ2j4φ1φ1jψφ2j2φ1φ2j2ψφ1jφ2φ2 + bθ2φ2Frθ1φ2j4φ1φ1j3ψφ1jφ1φ2j2φ2φ2
−bθ2φ2Frθ1φ2j3φ1φ1jψφ1j5φ1φ2jψψ − bθ2φ2Frθ1φ2j3φ1φ1j3ψφ1j3φ1φ2jφ2φ2
+2bθ2φ2Frθ1φ2j
3
φ1φ1
j2ψφ1j
4
φ1φ2
jψφ2 − bθ2φ2Frθ1φ2j6φ1φ1jψφ2j3φ2φ2jψψ
+bθ2φ2Frθ1φ2j
5
φ1φ1jψφ2j
3
φ2φ2j
2
ψφ1 − 2bθ2φ2Frθ1φ2j5φ1φ1j3ψφ2jφ2φ2j2φ1φ2
+bθ2φ2Frθ1φ2j
3
φ1φ1
jψφ2j
6
φ1φ2
jψψ + 2j
4
φ1φ1
Fθ1θ2φ1brφ2j
3
φ2φ2
j3ψφ1
−2j2φ1φ1Fθ1θ2φ1j7φ1φ2brψjψψ − 2j3φ1φ1Fθ1θ2φ1j5φ1φ2brψj2ψφ2
−3bθ2φ2Frθ1φ2j3φ1φ1j2ψφ2j5φ1φ2jψφ1 − bθ2φ2Frθ1φ2j4φ1φ1j3ψφ1jφ1φ2j3φ2φ2
+2bθ2φ2Frθ1φ2j
3
φ1φ1
j3ψφ1j
3
φ1φ2
j2φ2φ2 + 3bθ2φ2Frθ1φ2j
5
φ1φ1
jψφ2j
2
φ2φ2
jψψj
2
φ1φ2
−3bθ2φ2Frθ1φ2j5φ1φ1j2ψφ2j2φ2φ2jψφ1jφ1φ2 − 3bθ2φ2Frθ1φ2j4φ1φ1jψφ2jφ2φ2j4φ1φ2jψψ
+6bθ2φ2Frθ1φ2j
4
φ1φ1j
2
ψφ2jφ2φ2j
3
φ1φ2jψφ1 − 3bθ2φ2Frθ1φ2j3φ1φ1jψφ2j4φ1φ2j2ψφ1jφ2φ2
+bθ2φ2Frθ1φ2j
5
φ1φ1
jψφ1jφ1φ2j
3
φ2φ2
jψψ − 3bθ2φ2Frθ1φ2j4φ1φ1jψφ1j3φ1φ2j2φ2φ2jψψ
+3bθ2φ2Frθ1φ2j
3
φ1φ1
jψφ1j
5
φ1φ2
jφ2φ2jψψ − 2j2φ1φ1Fθ1θ2φ1brφ2j3ψφ1j4φ1φ2j2φ2φ2
+j3φ1φ1Fθ1θ2φ1brφ2j
3
ψφ1j
2
φ1φ2j
3
φ2φ2 + 3j
4
φ1φ1Fθ1θ2φ1brφ2jψφ1j
2
φ1φ2j
2
φ2φ2j
2
ψφ2
+j5φ1φ1Fθ1θ2φ1jφ1φ2brφ2jψφ2j
3
φ2φ2
jψψ − j4φ1φ1Fθ1θ2φ1jφ1φ2brφ2jψφ2j3φ2φ2j2ψφ1
−j5φ1φ1Fθ1θ2φ1jφ1φ2brφ2j3ψφ2j2φ2φ2 − 2jφ1φ1Fθ1θ2φ1brφ1j5φ1φ2j3ψφ1jφ2φ2
+4jφ1φ1Fθ1θ2φ1brφ1j
6
φ1φ2jψφ2j
2
ψφ1 − 2jφ1φ1Fθ1θ2φ1jψφ1brφ1j7φ1φ2jψψ
−3j4φ1φ1Fθ1θ2φ1brφ2j2φ2φ2jψφ2j2ψφ1jφ1φ2 − 5j3φ1φ1Fθ1θ2φ1brφ2j2φ2φ2j2φ1φ2j3ψφ1
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+9j3φ1φ1Fθ1θ2φ1brφ2jφ2φ2j
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φ1φ2
jψφ2j
2
ψφ1
+ 3j2φ1φ1Fθ1θ2φ1brφ2j
4
φ1φ2
j3ψφ1jφ2φ2
−6j2φ1φ1Fθ1θ2φ1brφ2j5φ1φ2jψφ2j2ψφ1 − 2j3φ1φ1Fθ1θ2φ1brφ1jφ1φ2j3φ2φ2j3ψφ1
+4j3φ1φ1Fθ1θ2φ1brφ1j
2
φ1φ2
j2φ2φ2jψφ2j
2
ψφ1
+ 4j2φ1φ1Fθ1θ2φ1brφ1j
3
φ1φ2
j2φ2φ2j
3
ψφ1
−8j2φ1φ1Fθ1θ2φ1brφ1j4φ1φ2jφ2φ2jψφ2j2ψφ1 − 2j5φ1φ1Fθ1θ2φ1jψφ1brφ2j3φ2φ2jψψ
+2j5φ1φ1Fθ1θ2φ1jψφ1brφ2j
2
φ2φ2j
2
ψφ2 + 3j
2
φ1φ1Fθ1θ2φ1jψφ1brφ2j
6
φ1φ2jψψ
+7j4φ1φ1Fθ1θ2φ1jψφ1brφ2j
2
φ2φ2
jψψj
2
φ1φ2
− 2j2φ1φ1Fθ1θ2φ1j5φ1φ2brψj2ψφ1jφ2φ2
+4j2φ1φ1Fθ1θ2φ1j
6
φ1φ2
brψjψφ2jψφ1 − 3j4φ1φ1Fθ1θ2φ1brφ2jψφ2j3φ1φ2j2φ2φ2jψψ
+3j3φ1φ1Fθ1θ2φ1brφ2jψφ2j
5
φ1φ2jφ2φ2jψψ − j3φ1φ1Fθ1θ2φ1brφ2j3ψφ2j5φ1φ2
+2j5φ1φ1Fθ1θ2φ1jφ1φ2brψj
3
φ2φ2jψψ − 2j4φ1φ1Fθ1θ2φ1jφ1φ2brψj3φ2φ2j2ψφ1
−2j5φ1φ1Fθ1θ2φ1jφ1φ2brψj2φ2φ2j2ψφ2 + 4j4φ1φ1Fθ1θ2φ1j2φ1φ2brψj2φ2φ2jψφ2jψφ1
−j5φ1φ1Fθ1θ2φ1jφ1φ2brφ2jψφ2j2φ2φ2jψψ + 2j4φ1φ1Fθ1θ2φ1j3φ1φ2brφ2jψφ2jφ2φ2jψψ
+j5φ1φ1Fθ1θ2φ1jφ1φ2brφ2j
3
ψφ2jφ2φ2 − j3φ1φ1Fθ1θ2φ1brφ2jψφ2j5φ1φ2jψψ
−j4φ1φ1Fθ1θ2φ1brφ2j3ψφ2j3φ1φ2 + 2j4φ1φ1Fθ1θ2φ1brφ2j3ψφ2j3φ1φ2jφ2φ2
−6j3φ1φ1Fθ1θ2φ1brφ2j2ψφ2j4φ1φ2jφ2φ2jψφ1 − j2φ1φ1Fθ1θ2φ1brφ2jψφ2j7φ1φ2jψψ
+3j2φ1φ1Fθ1θ2φ1brφ2jψφ2j
5
φ1φ2j
2
ψφ1jφ2φ2 + 3j
2
φ1φ1Fθ1θ2φ1brφ2j
2
ψφ2j
6
φ1φ2jψφ1
+3j3φ1φ1Fθ1θ2φ1brφ2jψφ1j
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φ1φ2
j2φ2φ2jψψ − 3j2φ1φ1Fθ1θ2φ1brφ2jψφ1j6φ1φ2jφ2φ2jψψ
−j4φ1φ1Fθ1θ2φ1brφ2jψφ1j2φ1φ2j3φ2φ2jψψ + jφ1φ1Fθ1θ2φ1brφ2jψφ1j8φ1φ2jψψ
+jφ1φ1Fθ1θ2φ1brφ2j
3
ψφ1j
6
φ1φ2jφ2φ2 − 2jφ1φ1Fθ1θ2φ1brφ2j2ψφ1j7φ1φ2jψφ2
−6j4φ1φ1Fθ1θ2φ1j3φ1φ2brψj2φ2φ2jψψ + 6j3φ1φ1Fθ1θ2φ1j5φ1φ2brψjφ2φ2jψψ
+4j3φ1φ1Fθ1θ2φ1j
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φ1φ2
brψj
2
φ2φ2
j2ψφ1 + 4j
4
φ1φ1
Fθ1θ2φ1j
3
φ1φ2
brψjφ2φ2j
2
ψφ2
−8j3φ1φ1Fθ1θ2φ1j4φ1φ2brψjφ2φ2jψφ2jψφ1 − 2bθ1φ1j2φ1φ2Frθ2φ1j3ψφ2j4φ1φ1j2φ2φ2
+2bθ1φ1j
2
φ1φ2
Frθ2φ1jψφ2j
4
φ1φ1
j3φ2φ2jψψ + 5j
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φ1φ1
Fθ1θ2φ1jψφ1brφ2j
4
φ1φ2
j2ψφ2
−2j2φ1φ1Fθ1θ2φ1jψφ1brφ1j5φ1φ2j2ψφ2 − 8j3φ1φ1Fθ1θ2φ1jψφ1brφ2jφ2φ2j4φ1φ2jψψ
−7j4φ1φ1Fθ1θ2φ1jψφ1brφ2jφ2φ2j2φ1φ2j2ψφ2 + 2j4φ1φ1Fθ1θ2φ1jψφ1brφ1jφ1φ2j3φ2φ2jψψ
−6j3φ1φ1Fθ1θ2φ1jψφ1brφ1j3φ1φ2j2φ2φ2jψψ − 2j4φ1φ1Fθ1θ2φ1jψφ1brφ1jφ1φ2j2φ2φ2j2ψφ2
+6j2φ1φ1Fθ1θ2φ1jψφ1brφ1j
5
φ1φ2
jφ2φ2jψψ + 4j
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φ1φ1
Fθ1θ2φ1jψφ1brφ1j
3
φ1φ2
jφ2φ2j
2
ψφ2
−2bθ1φ1j3φ1φ2Frθ2φ1jψφ1j3φ2φ2j3φ1φ1jψψ + 2bθ1φ1j7φ1φ2Frθ2φ1j3ψφ1jφ2φ2
−4bθ1φ1j8φ1φ2Frθ2φ1j2ψφ1jψφ2 − 2bθ1φ1jφ1φ2Frθ2φ1j3φ1φ1j3ψφ1j3φ2φ2
−2bθ1φ1j4φ1φ2Frθ2φ1j3φ1φ1j3ψφ2 − 2bθ1φ1j6φ1φ2Frθ2φ1j3ψφ2j2φ1φ1
+6bθ1φ1j
5
φ1φ2Frθ2φ1jψφ1j
2
φ2φ2j
2
φ1φ1jψψ − 6bθ1φ1j7φ1φ2Frθ2φ1jψφ1jφ2φ2jφ1φ1jψψ
−4bθ1φ1j3φ1φ2Frθ2φ1j3φ1φ1jψφ1j2φ2φ2jψψ + 6bθ1φ1j2φ1φ2Frθ2φ1j3φ1φ1j2ψφ1j2φ2φ2jψφ2
+2bθ1φ1j
5
φ1φ2
Frθ2φ1j
2
φ1φ1
jψφ1jφ2φ2jψψ − 2bθ1φ1j3φ1φ2Frθ2φ1j3φ1φ1jψφ1jφ2φ2j2ψφ2
−6bθ1φ1j4φ1φ2Frθ2φ1j2φ1φ1j2ψφ1jφ2φ2jψφ2 − 2bθ1φ1j2φ1φ2Frθ2φ1j4φ1φ1jψφ2j2φ2φ2jψψ
+4bθ1φ1j
4
φ1φ2
Frθ2φ1j
3
φ1φ1
jψφ2jφ2φ2jψψ + 4bθ1φ1j
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φ1φ2
Frθ2φ1j
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φ1φ1
j2ψφ2jψφ1
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+4bθ1φ1j
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3
φ1φ1Frψθ2φ1φ2j
3
φ2φ2j
2
φ1φ2j
2
ψφ1
+jθ1φ1j
4
φ1φ1Frψθ2φ1φ2j
2
φ2φ2j
2
φ1φ2j
2
ψφ2 − 3jθ1φ1j2φ1φ1Frψθ2φ1φ2jφ2φ2j6φ1φ2jψψ
−2jθ1φ1j2φ1φ1Frψθ2φ1φ2j2φ2φ2j4φ1φ2j2ψφ1 − 2jθ1φ1j3φ1φ1Frψθ2φ1φ2jφ2φ2j4φ1φ2j2ψφ2
−3jθ1φ1j4φ1φ1Frψθ2φ1φ2j2φ2φ2jψψj2φ1φ2 + 3jθ1φ1j3φ1φ1Frψθ2φ1φ2jφ2φ2j4φ1φ2jψψ
−jθ1φ1j2φ1φ1Frψθ2φ1φ2j4φ1φ2j2ψφ1jφ2φ2 − jθ1φ1j5φ1φ1Frψθ2φ1φ2j2φ2φ2j2ψφ2
+4jθ1φ1j
4
φ1φ1
Frψθ2φ1φ2j
2
φ2φ2
jψφ2jψφ1jφ1φ2 − 2jθ1φ1jφ1φ1Frψθ2φ1φ2j7φ1φ2jψφ2jψφ1
−2jθ2φ2j3φ1φ1Frψθ1φ1φ2j2φ2φ2j3φ1φ2j2ψφ1 − 2jθ2φ2j4φ1φ1Frψθ1φ1φ2jφ2φ2j3φ1φ2j2ψφ2
−jθ2φ2j5φ1φ1Frψθ1φ1φ2j2φ2φ2jψφ1jψφ2 + jθ2φ2j4φ1φ1Frψθ1φ1φ2j2φ2φ2j2ψφ1jφ1φ2
+jθ2φ2j
5
φ1φ1
Frψθ1φ1φ2jφ2φ2jφ1φ2j
2
ψφ2
− jθ2φ2j3φ1φ1Frψθ1φ1φ2j3φ1φ2j2ψφ1jφ2φ2
+jθ2φ2j
3
φ1φ1
Frψθ1φ1φ2j
4
φ1φ2
jψφ2jψφ1 + jθ2φ2j
2
φ1φ1
Frψθ1φ1φ2j
5
φ1φ2
j2ψφ1jφ2φ2
+jθ2φ2j
3
φ1φ1Frψθ1φ1φ2j
5
φ1φ2j
2
ψφ2 − 2jθ2φ2j2φ1φ1Frψθ1φ1φ2j6φ1φ2jψφ2jψφ1
−jθ2φ2j4φ1φ1Frψθ1φ1φ2j3φ1φ2j2ψφ2 − 2jθ2φ2j4φ1φ1Frψθ1φ1φ2j2φ2φ2jψφ2jψφ1j2φ1φ2
+4jθ2φ2j
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φ1φ1
Frψθ1φ1φ2jφ2φ2j
4
φ1φ2
jψφ2jψφ1 − Frψθ1θ2φ2j3φ1φ1j4φ1φ2j2ψφ1jφ2φ2
+2Frψθ1θ2φ2j
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φ1φ1j
5
φ1φ2jψφ2jψφ1 − 2jφ1φ2Frψθ1θ2φ1j5φ1φ1j3φ2φ2jψψ
+6j3φ1φ2Frψθ1θ2φ1j
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φ1φ1
j2φ2φ2jψψ + 2jφ1φ2Frψθ1θ2φ1j
4
φ1φ1
j3φ2φ2j
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ψφ1
+2jφ1φ2Frψθ1θ2φ1j
5
φ1φ1
j2φ2φ2j
2
ψφ2
− 4j2φ1φ2Frψθ1θ2φ1j4φ1φ1j2φ2φ2jψφ2jψφ1
−6j5φ1φ2Frψθ1θ2φ1j3φ1φ1jφ2φ2jψψ − 4j3φ1φ2Frψθ1θ2φ1j3φ1φ1j2φ2φ2j2ψφ1
−4j3φ1φ2Frψθ1θ2φ1j4φ1φ1jφ2φ2j2ψφ2 + 8j4φ1φ2Frψθ1θ2φ1j3φ1φ1jφ2φ2jψφ2jψφ1
+2j5φ1φ2Frψθ1θ2φ1j
2
φ1φ1
j2ψφ1jφ2φ2 − 4j6φ1φ2Frψθ1θ2φ1j2φ1φ1jψφ2jψφ1
−3Frψθ1θ2φ2j5φ1φ1j2φ2φ2jψψj2φ1φ2 + 2Frψθ1θ2φ2j5φ1φ1j2φ2φ2jψφ2jψφ1jφ1φ2
+3Frψθ1θ2φ2j
4
φ1φ1
jφ2φ2j
4
φ1φ2
jψψ + 2Frψθ1θ2φ2j
4
φ1φ1
j2φ2φ2j
2
φ1φ2
j2ψφ1
+2Frψθ1θ2φ2j
5
φ1φ1
jφ2φ2j
2
φ1φ2
j2ψφ2 − 4Frψθ1θ2φ2j4φ1φ1jφ2φ2j3φ1φ2jψφ2jψφ1
−Frψθ1θ2φ2j3φ1φ1j6φ1φ2jψψ − Frψθ1θ2φ2j4φ1φ1j4φ1φ2j2ψφ2
+2j7φ1φ2Frψθ1θ2φ1j
2
φ1φ1
jψψ + 2j
5
φ1φ2
Frψθ1θ2φ1j
3
φ1φ1
j2ψφ2
−Frθ1θ2φ1φ2jφ1φ1jψφ1j8φ1φ2jψψ − Frθ1θ2φ1φ2jφ1φ1j3ψφ1j6φ1φ2jφ2φ2
+2Frθ1θ2φ1φ2jφ1φ1j
2
ψφ1j
7
φ1φ2jψφ2 − 3Frθ1θ2φ1φ2j3φ1φ1jψφ1j4φ1φ2j2φ2φ2jψψ
+3Frθ1θ2φ1φ2j
2
φ1φ1
jψφ1j
6
φ1φ2
jφ2φ2jψψ + 5Frθ1θ2φ1φ2j
4
φ1φ1
jψφ1j
2
φ2φ2
jψψj
2
φ1φ2
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−5Frθ1θ2φ1φ2j4φ1φ1j2ψφ1j2φ2φ2jψφ2jφ1φ2 − 4Frθ1θ2φ1φ2j3φ1φ1jψφ1jφ2φ2j4φ1φ2jψψ
−Frθ1θ2φ1φ2j4φ1φ1jψφ1jφ2φ2j2φ1φ2j2ψφ2 + 7Frθ1θ2φ1φ2j3φ1φ1j2ψφ1jφ2φ2j3φ1φ2jψφ2
+Frθ1θ2φ1φ2j
5
φ1φ1
jφ1φ2jψφ2j
2
φ2φ2
jψψ − 2Frθ1θ2φ1φ2j4φ1φ1j3φ1φ2jψφ2jφ2φ2jψψ
−Frθ1θ2φ1φ2j3φ1φ1j4φ1φ2j2ψφ2jψφ1 + Frθ1θ2φ1φ2j2φ1φ1jψφ1j6φ1φ2jψψ
+Frθ1θ2φ1φ2j
2
φ1φ1j
3
ψφ1j
4
φ1φ2jφ2φ2 − 2Frθ1θ2φ1φ2j2φ1φ1j2ψφ1j5φ1φ2jψφ2
+Frψθ1θ2φ2j
6
φ1φ1
j3φ2φ2jψψ − Frψθ1θ2φ2j5φ1φ1j3φ2φ2j2ψφ1
−Frψθ1θ2φ2j6φ1φ1j2φ2φ2j2ψφ2 + Frθ1θ2φ1φ2j2φ1φ1jψφ2j7φ1φ2jψψ
−Frθ1θ2φ1φ2j5φ1φ1jφ1φ2jψφ2j3φ2φ2jψψ + 3Frθ1θ2φ1φ2j4φ1φ1j3φ1φ2jψφ2j2φ2φ2jψψ
+Frθ1θ2φ1φ2j
4
φ1φ1jφ1φ2jψφ2j
3
φ2φ2j
2
ψφ1 − 3Frθ1θ2φ1φ2j4φ1φ1j2φ1φ2j2ψφ2j2φ2φ2jψφ1
−3Frθ1θ2φ1φ2j3φ1φ1j5φ1φ2jψφ2jφ2φ2jψψ + 6Frθ1θ2φ1φ2j3φ1φ1j4φ1φ2j2ψφ2jφ2φ2jψφ1
−3Frθ1θ2φ1φ2j2φ1φ1jψφ2j5φ1φ2j2ψφ1jφ2φ2 − 3Frθ1θ2φ1φ2j2φ1φ1j2ψφ2j6φ1φ2jψφ1
−Frθ1θ2φ1φ2j3φ1φ1j3ψφ1j2φ1φ2j3φ2φ2 + 2Frθ1θ2φ1φ2j2φ1φ1j3ψφ1j4φ1φ2j2φ2φ2
−2Frθ1θ2φ1φ2j5φ1φ1jψφ1j3φ2φ2jψψ + 2Frθ1θ2φ1φ2j5φ1φ1jψφ1j2φ2φ2j2ψφ2
−3Frθ1θ2φ1φ2j3φ1φ1j3ψφ1j2φ2φ2j2φ1φ2 − Frθ1θ2φ1φ2j5φ1φ1jφ1φ2j3ψφ2jφ2φ2
+Frθ1θ2φ1φ2j
3
φ1φ1j
5
φ1φ2jψφ2jψψ + Frθ1θ2φ1φ2j
4
φ1φ1jψφ1j
2
φ1φ2j
3
φ2φ2jψψ
+Frθ1θ2φ1φ2j
3
φ1φ1
j3ψφ2j
5
φ1φ2
+ Frθ1θ2φ1φ2j
5
φ1φ1
jφ1φ2j
3
ψφ2
j2φ2φ2
−2Frθ1θ2φ1φ2j4φ1φ1j3φ1φ2j3ψφ2jφ2φ2 + 2Frθ1θ2φ1φ2j4φ1φ1j3ψφ1j3φ2φ2
+Frθ1θ2φ1φ2j
4
φ1φ1j
3
φ1φ2j
3
ψφ2)/(j
3
φ1φ1(−jψψjφ1φ1jφ2φ2
+jψψj
2
φ1φ2
+ j2ψφ1jφ2φ2
+j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2)(jφ2φ2jφ1φ1
−j2φ1φ2)2)
F˜rθ1θ2φ2 = −(−bθ1φ1j4φ1φ1Frθ2φ1jψφ1j2φ2φ2j2ψφ2 + 3bθ1φ1j3φ1φ1Frθ2φ1j2ψφ1j2φ2φ2jψφ2jφ1φ2
+bθ1φ1j
2
φ1φ1Frθ2φ1jψφ1jφ2φ2j
4
φ1φ2jψψ + bθ1φ1j
2
φ1φ1Frθ2φ1j
3
ψφ1j
2
φ2φ2j
2
φ1φ2
−bθ1φ1j3φ1φ1Frθ2φ1jψφ1jφ2φ2j2φ1φ2j2ψφ2 − 3bθ1φ1j2φ1φ1Frθ2φ1j2ψφ1jφ2φ2j3φ1φ2jψφ2
−bθ1φ1j4φ1φ1Frθ2φ1jφ1φ2jψφ2j2φ2φ2jψψ + 2bθ1φ1j3φ1φ1Frθ2φ1j3φ1φ2jψφ2jφ2φ2jψψ
+bθ1φ1j
4
φ1φ1Frθ2φ1jφ1φ2j
3
ψφ2jφ2φ2 − bθ1φ1j2φ1φ1Frθ2φ1j5φ1φ2jψφ2jψψ
−bθ1φ1j3φ1φ1Frθ2φ1j3φ1φ2j3ψφ2 + 2bθ1φ1j2φ1φ1Frθ2φ1j4φ1φ2j2ψφ2jψφ1
+j5φ1φ1brφ1Fθ1θ2φ2jψφ2j
2
φ2φ2
jψψ − 2j4φ1φ1brφ1Fθ1θ2φ2jψφ2jφ2φ2jψψj2φ1φ2
−j4φ1φ1brφ1Fθ1θ2φ2jψφ2j2φ2φ2j2ψφ1 − j5φ1φ1brφ1Fθ1θ2φ2j3ψφ2jφ2φ2
+3j4φ1φ1brφ1Fθ1θ2φ2j
2
ψφ2
jφ2φ2jψφ1jφ1φ2 + j
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φ1φ1
brφ1Fθ1θ2φ2jψφ2j
4
φ1φ2
jψψ
−j3φ1φ1brφ1Fθ1θ2φ2jψφ2j2φ1φ2j2ψφ1jφ2φ2 + j4φ1φ1brφ1Fθ1θ2φ2j3ψφ2j2φ1φ2
−3j3φ1φ1brφ1Fθ1θ2φ2j2ψφ2j3φ1φ2jψφ1 − j4φ1φ1brφ1Fθ1θ2φ2jψφ1jφ1φ2j2φ2φ2jψψ
+2j3φ1φ1brφ1Fθ1θ2φ2jψφ1j
3
φ1φ2
jφ2φ2jψψ + j
3
φ1φ1
brφ1Fθ1θ2φ2j
3
ψφ1
jφ1φ2j
2
φ2φ2
– 60 –
−j2φ1φ1brφ1Fθ1θ2φ2jψφ1j5φ1φ2jψψ − j2φ1φ1brφ1Fθ1θ2φ2j3ψφ1j3φ1φ2jφ2φ2
+2j2φ1φ1brφ1Fθ1θ2φ2j
2
ψφ1j
4
φ1φ2jψφ2 + j
5
φ1φ1Frψθ1φ1φ2j
2
φ2φ2bθ2φ2j
2
ψφ2
+j4φ1φ1Frψθ1φ1φ2j
2
φ1φ2
jθ2φ2j
2
ψφ2
+ jφ1φ1Frψθ1φ1φ2j
6
φ1φ2
bθ2φ2j
2
ψφ1
jφ2φ2
+j2φ1φ1Frψθ1φ1φ2j
6
φ1φ2
bθ2φ2j
2
ψφ2
− 2jφ1φ1Frψθ1φ1φ2j7φ1φ2bθ2φ2jψφ2jψφ1
+j2φ1φ1Frψθ1φ1φ2j
6
φ1φ2bθ2φ2jψψ + j
3
φ1φ1Frψθ1φ1φ2j
4
φ1φ2bθ2φ2j
2
ψφ2
+j2φ1φ1Frψθ1φ1φ2j
4
φ1φ2
jθ2φ2j
2
ψφ1
+ j5φ1φ1Frθ1θ2φ1φ2j
3
ψφ2
jφ2φ2
−j5φ1φ1Frθ1θ2φ1φ2jψφ2j2φ2φ2jψψ + 2j4φ1φ1Frθ1θ2φ1φ2jψφ2jφ2φ2jψψj2φ1φ2
+j4φ1φ1Frθ1θ2φ1φ2jψφ2j
2
φ2φ2j
2
ψφ1 − 3j4φ1φ1Frθ1θ2φ1φ2j2ψφ2jφ2φ2jψφ1jφ1φ2
−j3φ1φ1Frθ1θ2φ1φ2jψφ2j4φ1φ2jψψ + j3φ1φ1Frθ1θ2φ1φ2jψφ2j2φ1φ2j2ψφ1jφ2φ2
+3j3φ1φ1Frθ1θ2φ1φ2j
2
ψφ2
j3φ1φ2jψφ1 + j
4
φ1φ1
Frθ1θ2φ1φ2jψφ1jφ1φ2j
2
φ2φ2
jψψ
−2j3φ1φ1Frθ1θ2φ1φ2jψφ1j3φ1φ2jφ2φ2jψψ − j3φ1φ1Frθ1θ2φ1φ2j3ψφ1jφ1φ2j2φ2φ2
+j2φ1φ1Frθ1θ2φ1φ2jψφ1j
5
φ1φ2jψψ + j
2
φ1φ1Frθ1θ2φ1φ2j
3
ψφ1j
3
φ1φ2jφ2φ2
−2j2φ1φ1Frθ1θ2φ1φ2j2ψφ1j4φ1φ2jψφ2 − Fψθ1φ1j5φ1φ2bθ2φ2brφ1jφ1φ1j2ψφ1jφ2φ2
−Fψθ1φ1j5φ1φ2bθ2φ2brφ1j2φ1φ1j2ψφ2 + 2Fψθ1φ1j6φ1φ2bθ2φ2brφ1jφ1φ1jψφ2jψφ1
−Fψθ1φ1j9φ1φ2bθ2φ2brφ1jψψ + 4Fψθ1φ1jφ2φ2jφ1φ1bθ2φ2brφ1j7φ1φ2jψψ
−Fψθ1φ1j4φ2φ2j4φ1φ1bθ2φ2brφ1jφ1φ2jψψ + 4Fψθ1φ1j3φ2φ2j3φ1φ1bθ2φ2brφ1j3φ1φ2jψψ
+Fψθ1φ1j
4
φ2φ2
j3φ1φ1bθ2φ2brφ1jφ1φ2j
2
ψφ1
+ Fψθ1φ1j
3
φ2φ2
j4φ1φ1bθ2φ2brφ1jφ1φ2j
2
ψφ2
−2Fψθ1φ1j3φ2φ2j3φ1φ1bθ2φ2brφ1j2φ1φ2jψφ2jψφ1 − 6Fψθ1φ1j2φ2φ2j2φ1φ1bθ2φ2brφ1j5φ1φ2jψψ
−3Fψθ1φ1j3φ2φ2j2φ1φ1bθ2φ2brφ1j3φ1φ2j2ψφ1 − 3Fψθ1φ1j2φ2φ2j3φ1φ1bθ2φ2brφ1j3φ1φ2j2ψφ2
+6Fψθ1φ1j
2
φ2φ2
j2φ1φ1bθ2φ2brφ1j
4
φ1φ2
jψφ2jψφ1 + 3Fψθ1φ1j
2
φ2φ2
jφ1φ1bθ2φ2brφ1j
5
φ1φ2
j2ψφ1
+3Fψθ1φ1jφ2φ2j
2
φ1φ1bθ2φ2brφ1j
5
φ1φ2j
2
ψφ2 − 6Fψθ1φ1jφ2φ2jφ1φ1bθ2φ2brφ1j6φ1φ2jψφ2jψφ1
−Fψθ1φ1j2φ2φ2j5φ1φ1jθ2φ2jψφ2brψ + 2Fψθ1φ1jφ2φ2j4φ1φ1jθ2φ2jψφ2brψj2φ1φ2
+Fψθ1φ1j
2
φ2φ2
j4φ1φ1jθ2φ2jψφ2brφ1jψφ1 + Fψθ1φ1jφ2φ2j
4
φ1φ1
jθ2φ2j
2
ψφ2
brφ1jφ1φ2
−4Fψθ1φ1jφ2φ2j3φ1φ1jθ2φ2jψφ2brφ1jψφ1j2φ1φ2 + Fψθ1φ1j2φ2φ2j4φ1φ1jθ2φ2jψφ1jφ1φ2brψ
−2Fψθ1φ1jφ2φ2j3φ1φ1jθ2φ2jψφ1j3φ1φ2brψ − Fψθ1φ1j2φ2φ2j3φ1φ1jθ2φ2j2ψφ1jφ1φ2brφ1
+3Fψθ1φ1jφ2φ2j
2
φ1φ1
jθ2φ2j
2
ψφ1
j3φ1φ2brφ1 + Fψθ1φ1j
3
φ2φ2
j4φ1φ1bθ2φ2brφ1jφ1φ2jψψ
−3Fψθ1φ1j2φ2φ2j3φ1φ1bθ2φ2brφ1j3φ1φ2jψψ − Fψθ1φ1j3φ2φ2j3φ1φ1bθ2φ2brφ1jφ1φ2j2ψφ1
−Fψθ1φ1j2φ2φ2j4φ1φ1bθ2φ2brφ1jφ1φ2j2ψφ2 + 2Fψθ1φ1j2φ2φ2j3φ1φ1bθ2φ2brφ1j2φ1φ2jψφ2jψφ1
+3Fψθ1φ1jφ2φ2j
2
φ1φ1
bθ2φ2brφ1j
5
φ1φ2
jψψ + 2Fψθ1φ1j
2
φ2φ2
j2φ1φ1bθ2φ2brφ1j
3
φ1φ2
j2ψφ1
+2Fψθ1φ1jφ2φ2j
3
φ1φ1bθ2φ2brφ1j
3
φ1φ2j
2
ψφ2 − 4Fψθ1φ1jφ2φ2j2φ1φ1bθ2φ2brφ1j4φ1φ2jψφ2jψφ1
−Fψθ1φ1j7φ1φ2bθ2φ2brφ1j2ψφ1jφ2φ2 − Fψθ1φ1j7φ1φ2bθ2φ2brφ1j2ψφ2jφ1φ1
+2Fψθ1φ1j
8
φ1φ2
bθ2φ2brφ1jψφ2jψφ1 + 4bθ2φ2j
4
φ1φ1
Frθ1φ1jψφ2jφ2φ2jψψj
2
φ1φ2
+2bθ2φ2j
4
φ1φ1Frθ1φ1jψφ2j
2
φ2φ2j
2
ψφ1 + 2bθ2φ2j
5
φ1φ1Frθ1φ1j
3
ψφ2jφ2φ2
−6bθ2φ2j4φ1φ1Frθ1φ1j2ψφ2jφ2φ2jψφ1jφ1φ2 − 2bθ2φ2j3φ1φ1Frθ1φ1jψφ2j4φ1φ2jψψ
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+2bθ2φ2j
3
φ1φ1
Frθ1φ1jψφ2j
2
φ1φ2
j2ψφ1jφ2φ2 − 2bθ2φ2j4φ1φ1Frθ1φ1j3ψφ2j2φ1φ2
+6bθ2φ2j
3
φ1φ1Frθ1φ1j
2
ψφ2j
3
φ1φ2jψφ1 + 2bθ2φ2j
4
φ1φ1Frθ1φ1jψφ1jφ1φ2j
2
φ2φ2jψψ
−4bθ2φ2j3φ1φ1Frθ1φ1jψφ1j3φ1φ2jφ2φ2jψψ − 2bθ2φ2j3φ1φ1Frθ1φ1j3ψφ1jφ1φ2j2φ2φ2
+2bθ2φ2j
2
φ1φ1
Frθ1φ1jψφ1j
5
φ1φ2
jψψ + 2bθ2φ2j
2
φ1φ1
Frθ1φ1j
3
ψφ1
j3φ1φ2jφ2φ2
−4bθ2φ2j2φ1φ1Frθ1φ1j2ψφ1j4φ1φ2jψφ2 + Fψθ1θ2φ1φ2brφ1j9φ1φ2jψψ
+Frψθ2φ1φ2j
9
φ1φ2
bθ1φ1jψψ − Fψθ1φ1j4φ1φ2j3φ1φ1jθ2φ2jψφ2brψ
−Fψθ1φ1j3φ1φ2j3φ1φ1jθ2φ2j2ψφ2brφ1 + 3Fψθ1φ1j4φ1φ2j2φ1φ1jθ2φ2jψφ2brφ1jψφ1
+Fψθ1φ1j
5
φ1φ2j
2
φ1φ1jθ2φ2jψφ1brψ − 2Fψθ1φ1j5φ1φ2jφ1φ1jθ2φ2j2ψφ1brφ1
−Fψθ1φ1j7φ1φ2bθ2φ2brφ1jφ1φ1jψψ − j5φ1φ1Fψθ2φ2j4φ2φ2bθ1φ1brφ2jψψ
+j4φ1φ1Fψθ2φ2j
4
φ2φ2
bθ1φ1brφ2j
2
ψφ1
− 3Fψθ1θ2φ1φ2brφ2j4φ1φ1j2φ2φ2jψψj2φ1φ2
+2Fψθ1θ2φ1φ2brφ2j
4
φ1φ1j
2
φ2φ2jψφ2jψφ1jφ1φ2 + 3Fψθ1θ2φ1φ2brφ2j
3
φ1φ1jφ2φ2j
4
φ1φ2jψψ
+2Fψθ1θ2φ1φ2brφ2j
3
φ1φ1j
2
φ2φ2j
2
φ1φ2j
2
ψφ1 + 2Fψθ1θ2φ1φ2brφ2j
4
φ1φ1jφ2φ2j
2
φ1φ2j
2
ψφ2
−4Fψθ1θ2φ1φ2brφ2j3φ1φ1jφ2φ2j3φ1φ2jψφ2jψφ1 − Fψθ1θ2φ1φ2brφ2j2φ1φ1j4φ1φ2j2ψφ1jφ2φ2
+2Fψθ1θ2φ1φ2brφ2j
2
φ1φ1j
5
φ1φ2jψφ2jψφ1 + Fψθ1θ2φ1φ2brφ2j
5
φ1φ1j
3
φ2φ2jψψ
−Fψθ1θ2φ1φ2brφ2j4φ1φ1j3φ2φ2j2ψφ1 − Fψθ1θ2φ1φ2brφ2j5φ1φ1j2φ2φ2j2ψφ2
−Fψθ1θ2φ1φ2brφ2j2φ1φ1j6φ1φ2jψψ − Fψθ1θ2φ1φ2brφ2j3φ1φ1j4φ1φ2j2ψφ2
+Fψθ1θ2φ1φ2brφ1j
7
φ1φ2
jφ1φ1jψψ + Fψθ1θ2φ1φ2brφ1j
5
φ1φ2
j2φ1φ1j
2
ψφ2
−Fψθ1θ2φ1φ2brφ2j5φ1φ1j4φ2φ2jψψ + Fψθ1θ2φ1φ2brφ2j4φ1φ1j4φ2φ2j2ψφ1
+Fψθ1θ2φ1φ2brφ2j
5
φ1φ1
j3φ2φ2j
2
ψφ2
− Fψθ1θ2φ1φ2brφ2jφ1φ1j8φ1φ2jψψ
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3
φ2φ2bθ2φ2jψψj
2
φ1φ2
−2bθ1φ1j4φ1φ1Frψφ2j3φ2φ2bθ2φ2jψφ2jψφ1jφ1φ2 + 4bθ1φ1j2φ1φ1Frψφ2jφ2φ2bθ2φ2j6φ1φ2jψψ
−6bθ1φ1j3φ1φ1Frψφ2j2φ2φ2bθ2φ2j4φ1φ2jψψ − 3bθ1φ1j3φ1φ1Frψφ2j3φ2φ2bθ2φ2j2φ1φ2j2ψφ1
−3bθ1φ1j4φ1φ1Frψφ2j2φ2φ2bθ2φ2j2φ1φ2j2ψφ2 + 6bθ1φ1j3φ1φ1Frψφ2j2φ2φ2bθ2φ2j3φ1φ2jψφ2jψφ1
−3bθ1φ1j4φ1φ1Frψφ2j2φ2φ2bθ2φ2jψψj2φ1φ2 + 2bθ1φ1j4φ1φ1Frψφ2j2φ2φ2bθ2φ2jψφ2jψφ1jφ1φ2
+2bθ1φ1j
3
φ1φ1
Frψφ2j
2
φ2φ2
bθ2φ2j
2
φ1φ2
j2ψφ1 − 4bθ1φ1j3φ1φ1Frψφ2jφ2φ2bθ2φ2j3φ1φ2jψφ2jψφ1
−2bθ1φ1j4φ1φ1Frψφ2jφ2φ2jθ2φ2jψφ2jψφ1jφ1φ2 − bθ1φ1j2φ1φ1Frψφ2j4φ1φ2bθ2φ2j2ψφ1jφ2φ2
+2bθ1φ1j
2
φ1φ1
Frψφ2j
5
φ1φ2
bθ2φ2jψφ2jψφ1 + 2bθ1φ1j
3
φ1φ1
Frψφ2j
3
φ1φ2
jθ2φ2jψφ2jψφ1
−bθ1φ1j5φ1φ1Frψφ2j4φ2φ2bθ2φ2jψψ + bθ1φ1j4φ1φ1Frψφ2j4φ2φ2bθ2φ2j2ψφ1
+bθ1φ1j
5
φ1φ1Frψφ2j
3
φ2φ2bθ2φ2j
2
ψφ2 + bθ1φ1j
5
φ1φ1Frψφ2j
3
φ2φ2bθ2φ2jψψ
−bθ1φ1j4φ1φ1Frψφ2j3φ2φ2bθ2φ2j2ψφ1 − bθ1φ1j5φ1φ1Frψφ2j2φ2φ2bθ2φ2j2ψφ2
−bθ1φ1j4φ1φ1Frψφ2j2φ1φ2jθ2φ2j2ψφ2 − bθ1φ1jφ1φ1Frψφ2j6φ1φ2bθ2φ2j2ψφ1jφ2φ2
−bθ1φ1j2φ1φ1Frψφ2j6φ1φ2bθ2φ2j2ψφ2 + 2bθ1φ1jφ1φ1Frψφ2j7φ1φ2bθ2φ2jψφ2jψφ1
−bθ1φ1j2φ1φ1Frψφ2j6φ1φ2bθ2φ2jψψ − bθ1φ1j3φ1φ1Frψφ2j4φ1φ2bθ2φ2j2ψφ2
−bθ1φ1j2φ1φ1Frψφ2j4φ1φ2jθ2φ2j2ψφ1 + 4bθ1φ1Frψφ1jφ2φ2jφ1φ1bθ2φ2j7φ1φ2jψψ
+3bθ1φ1Frψφ1jφ2φ2j
4
φ1φ1jθ2φ2j
2
ψφ2jφ1φ2 + 2Fθ1φ1φ2j
4
φ1φ1jθ2φ2brφ1jφ1φ2jψφ2jψψjφ2φ2
+Fθ1φ1φ2j
2
φ1φ1
jθ2φ2brφ1jψφ1j
4
φ1φ2
jψψ + Fθ1φ1φ2j
2
φ1φ1
jθ2φ2brφ1j
3
ψφ1
j2φ1φ2jφ2φ2
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−2Fθ1φ1φ2j2φ1φ1jθ2φ2brφ1j2ψφ1j3φ1φ2jψφ2 − Fθ1φ1φ2bθ2φ2brφ1jψφ1j4φ2φ2j4φ1φ1jψψ
+4Fθ1φ1φ2bθ2φ2brφ1jψφ1j
3
φ2φ2j
3
φ1φ1jψψj
2
φ1φ2 + Fθ1φ1φ2bθ2φ2brφ1j
3
ψφ1j
4
φ2φ2j
3
φ1φ1
+Fθ1φ1φ2bθ2φ2brφ1jψφ1j
3
φ2φ2
j4φ1φ1j
2
ψφ2
− 2Fθ1φ1φ2bθ2φ2brφ1j2ψφ1j3φ2φ2j3φ1φ1jψφ2jφ1φ2
−6Fθ1φ1φ2bθ2φ2brφ1jψφ1j2φ2φ2j2φ1φ1j4φ1φ2jψψ − 3Fθ1φ1φ2bθ2φ2brφ1j3ψφ1j3φ2φ2j2φ1φ1j2φ1φ2
−3Fθ1φ1φ2bθ2φ2brφ1jψφ1j2φ2φ2j3φ1φ1j2φ1φ2j2ψφ2 + 6Fθ1φ1φ2bθ2φ2brφ1j2ψφ1j2φ2φ2j2φ1φ1j3φ1φ2jψφ2
+4Fθ1φ1φ2bθ2φ2brφ1jψφ1jφ2φ2jφ1φ1j
6
φ1φ2
jψψ + 3Fθ1φ1φ2bθ2φ2brφ1j
3
ψφ1
j2φ2φ2jφ1φ1j
4
φ1φ2
+3Fθ1φ1φ2bθ2φ2brφ1jψφ1jφ2φ2j
2
φ1φ1
j4φ1φ2j
2
ψφ2
− Fθ1φ1φ2bθ2φ2brφ1jψφ1j8φ1φ2jψψ
+2Fθ1φ1φ2j
5
φ1φ1jθ2φ2brφ2j
3
ψφ2 + bθ1φ1Frψφ1jφ2φ2j
2
φ1φ1jθ2φ2j
2
ψφ1j
3
φ1φ2
+3bθ1φ1Frψφ1jφ2φ2j
2
φ1φ1j
5
φ1φ2bθ2φ2jψψ + 2bθ1φ1Frψφ1jφ2φ2j
3
φ1φ1j
3
φ1φ2bθ2φ2j
2
ψφ2
+3bθ1φ1Frψφ1j
2
φ2φ2
jφ1φ1bθ2φ2j
5
φ1φ2
j2ψφ1 + 3bθ1φ1Frψφ1jφ2φ2j
2
φ1φ1
bθ2φ2j
5
φ1φ2
j2ψφ2
−6bθ1φ1Frψφ1jφ2φ2jφ1φ1bθ2φ2j6φ1φ2jψφ2jψφ1 − 4bθ1φ1Frψφ1jφ2φ2j3φ1φ1jθ2φ2jψφ2jψφ1j2φ1φ2
−bθ1φ1Frψφ1j2φ2φ2j4φ1φ1jθ2φ2jψφ2jψφ1 + bθ1φ1Frψφ1j2φ2φ2j3φ1φ1jθ2φ2j2ψφ1jφ1φ2
+bθ1φ1Frψφ1j
3
φ2φ2
j4φ1φ1jφ1φ2bθ2φ2jψψ − 3bθ1φ1Frψφ1j2φ2φ2j3φ1φ1j3φ1φ2bθ2φ2jψψ
−bθ1φ1Frψφ1j3φ2φ2j3φ1φ1jφ1φ2bθ2φ2j2ψφ1 − bθ1φ1Frψφ1j2φ2φ2j4φ1φ1jφ1φ2bθ2φ2j2ψφ2
+2bθ1φ1Frψφ1j
2
φ2φ2j
3
φ1φ1j
2
φ1φ2bθ2φ2jψφ2jψφ1 + 2bθ1φ1Frψφ1j
2
φ2φ2j
2
φ1φ1j
3
φ1φ2bθ2φ2j
2
ψφ1
−4bθ1φ1Frψφ1jφ2φ2j2φ1φ1j4φ1φ2bθ2φ2jψφ2jψφ1 − bθ1φ1Frψφ1j4φ2φ2j4φ1φ1bθ2φ2jφ1φ2jψψ
+4bθ1φ1Frψφ1j
3
φ2φ2
j3φ1φ1bθ2φ2j
3
φ1φ2
jψψ + bθ1φ1Frψφ1j
4
φ2φ2
j3φ1φ1bθ2φ2jφ1φ2j
2
ψφ1
+bθ1φ1Frψφ1j
3
φ2φ2j
4
φ1φ1bθ2φ2jφ1φ2j
2
ψφ2 − 2bθ1φ1Frψφ1j3φ2φ2j3φ1φ1bθ2φ2j2φ1φ2jψφ2jψφ1
−6bθ1φ1Frψφ1j2φ2φ2j2φ1φ1bθ2φ2j5φ1φ2jψψ − 3bθ1φ1Frψφ1j3φ2φ2j2φ1φ1bθ2φ2j3φ1φ2j2ψφ1
−3bθ1φ1Frψφ1j2φ2φ2j3φ1φ1bθ2φ2j3φ1φ2j2ψφ2 + 6bθ1φ1Frψφ1j2φ2φ2j2φ1φ1bθ2φ2j4φ1φ2jψφ2jψφ1
−bθ1φ1Frψφ1j7φ1φ2bθ2φ2j2ψφ1jφ2φ2 − bθ1φ1Frψφ1j7φ1φ2bθ2φ2j2ψφ2jφ1φ1
+2bθ1φ1Frψφ1j
8
φ1φ2
bθ2φ2jψφ2jψφ1 − 3bθ1φ1Frψφ1j3φ1φ2j3φ1φ1jθ2φ2j2ψφ2
−2bθ1φ1Frψφ1j5φ1φ2jφ1φ1jθ2φ2j2ψφ1 − bθ1φ1Frψφ1j7φ1φ2bθ2φ2jφ1φ1jψψ
−bθ1φ1Frψφ1j5φ1φ2bθ2φ2j2φ1φ1j2ψφ2 − bθ1φ1Frψφ1j9φ1φ2bθ2φ2jψψ
+5bθ1φ1Frψφ1j
4
φ1φ2
j2φ1φ1jθ2φ2jψφ2jψφ1 − bθ1φ1Frψφ1j5φ1φ2bθ2φ2jφ1φ1j2ψφ1jφ2φ2
+2bθ1φ1Frψφ1j
6
φ1φ2
bθ2φ2jφ1φ1jψφ2jψφ1 + j
5
φ1φ1
Fθ1θ2φ1brψj
3
φ2φ2
jψψ
−j4φ1φ1Fθ1θ2φ1brψj3φ2φ2j2ψφ1 − j5φ1φ1Fθ1θ2φ1brψj2φ2φ2j2ψφ2
−j2φ1φ1Fθ1θ2φ1brψj6φ1φ2jψψ − j3φ1φ1Fθ1θ2φ1brψj4φ1φ2j2ψφ2
+j3φ1φ1Fθ1θ2φ1brφ1j
3
ψφ1
j3φ2φ2 − 2jφ1φ1Fθ1θ2φ1brφ1jψφ1j6φ1φ2jψψ
−2jφ1φ1Fθ1θ2φ1brφ1j3ψφ1j4φ1φ2jφ2φ2 + 4jφ1φ1Fθ1θ2φ1brφ1j2ψφ1j5φ1φ2jψφ2
+2j5φ1φ1Fθ1θ2φ1brφ2j
3
ψφ2
jφ2φ2 − 3j4φ1φ1Fθ1θ2φ1brψj2φ2φ2jψψj2φ1φ2
+2j4φ1φ1Fθ1θ2φ1brψj
2
φ2φ2
jψφ2jψφ1jφ1φ2 + 3j
3
φ1φ1
Fθ1θ2φ1brψjφ2φ2j
4
φ1φ2
jψψ
+2j3φ1φ1Fθ1θ2φ1brψj
2
φ2φ2j
2
φ1φ2j
2
ψφ1 + 2j
4
φ1φ1Fθ1θ2φ1brψjφ2φ2j
2
φ1φ2j
2
ψφ2
−4j3φ1φ1Fθ1θ2φ1brψjφ2φ2j3φ1φ2jψφ2jψφ1 − j2φ1φ1Fθ1θ2φ1brψj4φ1φ2j2ψφ1jφ2φ2
– 66 –
+2j2φ1φ1Fθ1θ2φ1brψj
5
φ1φ2
jψφ2jψφ1 − j4φ1φ1Fθ1θ2φ1brφ1jψφ1j3φ2φ2jψψ
+j4φ1φ1Fθ1θ2φ1brφ1jψφ1j
2
φ2φ2j
2
ψφ2 − 5j3φ1φ1Fθ1θ2φ1brφ1j2ψφ1j2φ2φ2jψφ2jφ1φ2
+3j2φ1φ1Fθ1θ2φ1brφ1jψφ1jφ2φ2j
4
φ1φ2
jψψ + j
2
φ1φ1
Fθ1θ2φ1brφ1j
3
ψφ1
j2φ2φ2j
2
φ1φ2
+7j3φ1φ1Fθ1θ2φ1brφ1jψφ1jφ2φ2j
2
φ1φ2
j2ψφ2 + j
2
φ1φ1
Fθ1θ2φ1brφ1j
2
ψφ1
jφ2φ2j
3
φ1φ2
jψφ2
−8j2φ1φ1Fθ1θ2φ1brφ1jψφ1j4φ1φ2j2ψφ2 − 2j5φ1φ1Fθ1θ2φ1brφ2jψφ2j2φ2φ2jψψ
+4j4φ1φ1Fθ1θ2φ1brφ2jψφ2jφ2φ2jψψj
2
φ1φ2
+ 2j4φ1φ1Fθ1θ2φ1brφ2jψφ2j
2
φ2φ2
j2ψφ1
−6j4φ1φ1Fθ1θ2φ1brφ2j2ψφ2jφ2φ2jψφ1jφ1φ2 − 2j3φ1φ1Fθ1θ2φ1brφ2jψφ2j4φ1φ2jψψ
+2j3φ1φ1Fθ1θ2φ1brφ2jψφ2j
2
φ1φ2j
2
ψφ1jφ2φ2 − 2j4φ1φ1Fθ1θ2φ1brφ2j3ψφ2j2φ1φ2
+3j3φ1φ1Fθ1θ2φ1brφ1j
3
φ1φ2j
3
ψφ2 + 6j
3
φ1φ1Fθ1θ2φ1brφ2j
2
ψφ2j
3
φ1φ2jψφ1
+2j4φ1φ1Fθ1θ2φ1brφ2jψφ1jφ1φ2j
2
φ2φ2
jψψ − 4j3φ1φ1Fθ1θ2φ1brφ2jψφ1j3φ1φ2jφ2φ2jψψ
−2j3φ1φ1Fθ1θ2φ1brφ2j3ψφ1jφ1φ2j2φ2φ2 + 2j2φ1φ1Fθ1θ2φ1brφ2jψφ1j5φ1φ2jψψ
+2j2φ1φ1Fθ1θ2φ1brφ2j
3
ψφ1j
3
φ1φ2jφ2φ2 − 4j2φ1φ1Fθ1θ2φ1brφ2j2ψφ1j4φ1φ2jψφ2
+3j4φ1φ1Fθ1θ2φ1brφ1jφ1φ2jψφ2j
2
φ2φ2
jψψ − 6j3φ1φ1Fθ1θ2φ1brφ1j3φ1φ2jψφ2jφ2φ2jψψ
−3j4φ1φ1Fθ1θ2φ1brφ1jφ1φ2j3ψφ2jφ2φ2 + 3j2φ1φ1Fθ1θ2φ1brφ1j5φ1φ2jψφ2jψψ
+bθ1φ1j
4
φ1φ1Frθ2φ1jψφ1j
3
φ2φ2jψψ − 2bθ1φ1j3φ1φ1Frθ2φ1jψφ1j2φ2φ2jψψj2φ1φ2
−bθ1φ1j3φ1φ1Frθ2φ1j3ψφ1j3φ2φ2 − 2Frψθ2φ1φ2j8φ1φ2bθ1φ1jψφ2jψφ1
+Frψθ2φ1φ2j
7
φ1φ2
bθ1φ1jφ1φ1jψψ + Frψθ2φ1φ2j
5
φ1φ2
bθ1φ1j
2
φ1φ1
j2ψφ2
−Frψθ2φ1φ2j3φ1φ2j3φ1φ1jθ1φ1j2ψφ2 + Frψθ2φ1φ2j7φ1φ2bθ1φ1j2ψφ2jφ1φ1
+Frψθ2φ1φ2j
4
φ2φ2
j4φ1φ1bθ1φ1jφ1φ2jψψ − 4Frψθ2φ1φ2j3φ2φ2j3φ1φ1bθ1φ1j3φ1φ2jψψ
−Frψθ2φ1φ2j4φ2φ2j3φ1φ1bθ1φ1jφ1φ2j2ψφ1 − Frψθ2φ1φ2j3φ2φ2j4φ1φ1bθ1φ1jφ1φ2j2ψφ2
+2Frψθ2φ1φ2j
3
φ2φ2j
3
φ1φ1bθ1φ1j
2
φ1φ2jψφ2jψφ1 + 6Frψθ2φ1φ2j
2
φ2φ2j
2
φ1φ1bθ1φ1j
5
φ1φ2jψψ
+3Frψθ2φ1φ2j
3
φ2φ2
j2φ1φ1bθ1φ1j
3
φ1φ2
j2ψφ1 + 3Frψθ2φ1φ2j
2
φ2φ2
j3φ1φ1bθ1φ1j
3
φ1φ2
j2ψφ2
−6Frψθ2φ1φ2j2φ2φ2j2φ1φ1bθ1φ1j4φ1φ2jψφ2jψφ1 + Frψθ2φ1φ2j7φ1φ2bθ1φ1j2ψφ1jφ2φ2
−3Frψθ2φ1φ2j2φ2φ2jφ1φ1bθ1φ1j5φ1φ2j2ψφ1 − 3Frψθ2φ1φ2jφ2φ2j2φ1φ1bθ1φ1j5φ1φ2j2ψφ2
+6Frψθ2φ1φ2jφ2φ2jφ1φ1bθ1φ1j
6
φ1φ2
jψφ2jψφ1 − 3Frψθ2φ1φ2jφ2φ2j2φ1φ1bθ1φ1j5φ1φ2jψψ
−2Frψθ2φ1φ2jφ2φ2j3φ1φ1bθ1φ1j3φ1φ2j2ψφ2 + Frψθ2φ1φ2jφ2φ2j4φ1φ1jθ1φ1jφ1φ2j2ψφ2
−4Frψθ2φ1φ2jφ2φ2jφ1φ1bθ1φ1j7φ1φ2jψψ − Frψθ2φ1φ2j3φ2φ2j4φ1φ1bθ1φ1jφ1φ2jψψ
+3Frψθ2φ1φ2j
2
φ2φ2
j3φ1φ1bθ1φ1j
3
φ1φ2
jψψ + Frψθ2φ1φ2j
3
φ2φ2
j3φ1φ1bθ1φ1jφ1φ2j
2
ψφ1
+Frψθ2φ1φ2j
2
φ2φ2
j4φ1φ1bθ1φ1jφ1φ2j
2
ψφ2
− 2Frψθ2φ1φ2j2φ2φ2j3φ1φ1bθ1φ1j2φ1φ2jψφ2jψφ1
−2Frψθ2φ1φ2j2φ2φ2j2φ1φ1bθ1φ1j3φ1φ2j2ψφ1 + 4Frψθ2φ1φ2jφ2φ2j2φ1φ1bθ1φ1j4φ1φ2jψφ2jψφ1
−Frψθ2φ1φ2j2φ2φ2j4φ1φ1jθ1φ1jψφ1jψφ2 + Frψθ2φ1φ2j2φ2φ2j3φ1φ1jθ1φ1j2ψφ1jφ1φ2
+Frψθ2φ1φ2j
5
φ1φ2
bθ1φ1jφ1φ1j
2
ψφ1
jφ2φ2 − 2Frψθ2φ1φ2j6φ1φ2bθ1φ1jφ1φ1jψφ2jψφ1
−Frψθ2φ1φ2j3φ1φ2j2φ1φ1jθ1φ1j2ψφ1jφ2φ2 + Frψθ2φ1φ2j4φ1φ2j2φ1φ1jθ1φ1jψφ2jψφ1
+jφ1φ1Frψθ1φ1φ2j
8
φ1φ2
bθ2φ2jψψ + 6j
2
φ1φ1
Frψθ1φ1φ2jφ2φ2bθ2φ2j
5
φ1φ2
jψφ2jψφ1
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−j4φ1φ1Frθ1θ2φ1φ2j3ψφ2j2φ1φ2 − 6Fθ1φ1φ2bθ2φ2brφ1j2ψφ1jφ2φ2jφ1φ1j5φ1φ2jψφ2
−Fθ1φ1φ2bθ2φ2brφ1j3ψφ1j6φ1φ2jφ2φ2 − Fθ1φ1φ2bθ2φ2brφ1jψφ1j6φ1φ2j2ψφ2jφ1φ1
+2Fθ1φ1φ2bθ2φ2brφ1j
2
ψφ1
j7φ1φ2jψφ2 − Fθ1φ1φ2j2φ1φ1jθ2φ2brψj2ψφ1j4φ1φ2
+Fθ1φ1φ2bθ2φ2brφ1jψφ1j
4
φ1φ1
j3φ2φ2jψψ − 3Fθ1φ1φ2bθ2φ2brφ1jψφ1j3φ1φ1j2φ2φ2jψψj2φ1φ2
−Fθ1φ1φ2bθ2φ2brφ1j3ψφ1j3φ1φ1j3φ2φ2 − Fθ1φ1φ2bθ2φ2brφ1jψφ1j4φ1φ1j2φ2φ2j2ψφ2
+2Fθ1φ1φ2bθ2φ2brφ1j
2
ψφ1
j3φ1φ1j
2
φ2φ2
jψφ2jφ1φ2 + 3Fθ1φ1φ2bθ2φ2brφ1jψφ1j
2
φ1φ1
jφ2φ2j
4
φ1φ2
jψψ
+2Fθ1φ1φ2bθ2φ2brφ1j
3
ψφ1
j2φ1φ1j
2
φ2φ2
j2φ1φ2 + 2Fθ1φ1φ2bθ2φ2brφ1jψφ1j
3
φ1φ1
jφ2φ2j
2
φ1φ2
j2ψφ2
−4Fθ1φ1φ2bθ2φ2brφ1j2ψφ1j2φ1φ1jφ2φ2j3φ1φ2jψφ2 − Fθ1φ1φ2bθ2φ2brφ1jψφ1jφ1φ1j6φ1φ2jψψ
−Fθ1φ1φ2bθ2φ2brφ1j3ψφ1jφ1φ1j4φ1φ2jφ2φ2 − Fθ1φ1φ2bθ2φ2brφ1jψφ1j2φ1φ1j4φ1φ2j2ψφ2
+2Fθ1φ1φ2bθ2φ2brφ1j
2
ψφ1
jφ1φ1j
5
φ1φ2
jψφ2 + Fθ1φ1φ2j
3
φ1φ1
jθ2φ2brψj
4
φ1φ2
jψψ
+Fθ1φ1φ2j
5
φ1φ1jθ2φ2brψj
2
φ2φ2jψψ − Fθ1φ1φ2j4φ1φ1jθ2φ2brψj2φ2φ2j2ψφ1
+2Fθ1φ1φ2j
3
φ1φ1jθ2φ2brψj
2
φ1φ2j
2
ψφ1jφ2φ2 − 2Fθ1φ1φ2j4φ1φ1jθ2φ2brψjφ2φ2jψψj2φ1φ2
−Fθ1φ1φ2j4φ1φ1jθ2φ2brφ1jψφ1j2φ2φ2jψψ + Fθ1φ1φ2j4φ1φ1jθ2φ2brφ1jψφ1jφ2φ2j2ψφ2
−4Fθ1φ1φ2j3φ1φ1jθ2φ2brφ1j2ψφ1jφ2φ2jψφ2jφ1φ2 − 2Fθ1φ1φ2j5φ1φ1jθ2φ2brφ2jψφ2jψψjφ2φ2
+2Fθ1φ1φ2j
4
φ1φ1jθ2φ2brφ2jψφ2jψψj
2
φ1φ2 + 2Fθ1φ1φ2j
4
φ1φ1jθ2φ2brφ2jψφ2j
2
ψφ1jφ2φ2
−6Fθ1φ1φ2j4φ1φ1jθ2φ2brφ2j2ψφ2jψφ1jφ1φ2 + 2Fθ1φ1φ2j4φ1φ1jθ2φ2brφ2jψφ1jφ1φ2jψψjφ2φ2
−2Fθ1φ1φ2j3φ1φ1jθ2φ2brφ2jψφ1j3φ1φ2jψψ − 2Fθ1φ1φ2j3φ1φ1jθ2φ2brφ2j3ψφ1jφ1φ2jφ2φ2
+4Fθ1φ1φ2j
3
φ1φ1jθ2φ2brφ2j
2
ψφ1j
2
φ1φ2jψφ2 − 2Fθ1φ1φ2j3φ1φ1jθ2φ2brφ1j3φ1φ2jψφ2jψψ
−2Fθ1φ1φ2j4φ1φ1jθ2φ2brφ1jφ1φ2j3ψφ2 + 5Fθ1φ1φ2j3φ1φ1jθ2φ2brφ1j2φ1φ2j2ψφ2jψφ1
+Fθ1φ1φ2j
3
φ1φ1
jθ2φ2brφ1j
3
ψφ1
j2φ2φ2 − 3j2φ1φ1Frψθ1φ1φ2j2φ2φ2bθ2φ2j4φ1φ2j2ψφ1
−3j3φ1φ1Frψθ1φ1φ2jφ2φ2bθ2φ2j4φ1φ2j2ψφ2 − 3j3φ1φ1Frψθ1φ1φ2jφ2φ2bθ2φ2j4φ1φ2jψψ
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jφ2φ2 + 2jψφ1Fθ1φ1φ2brφ1j
7
φ1φ2
j2ψφ2jφ1φ1
−4j2ψφ1Fθ1φ1φ2brφ1j8φ1φ2jψφ2 + jψφ1Fθ1φ1φ2brφ2j5φ1φ1j3φ2φ2jψψ
−j3ψφ1Fθ1φ1φ2brφ2j4φ1φ1j3φ2φ2 − jψφ1Fθ1φ1φ2brφ2j5φ1φ1j2φ2φ2j2ψφ2)/(j3φ1φ1(
−jψψjφ1φ1jφ2φ2 + jψψj2φ1φ2
+j2ψφ1jφ2φ2 + j
2
ψφ2
jφ1φ1
−2jψφ2jψφ1jφ1φ2)(jφ2φ2jφ1φ1 − j2φ1φ2)2)
F˜rθ2φ1φ2 = (−j3φ1φ1Frψφ2j4φ1φ2bθ2φ2j2ψφ1jφ2φ2
+2j3φ1φ1Frψφ2j
5
φ1φ2bθ2φ2jψφ2jψφ1 − j4φ1φ1Frψφ2jφ2φ2jθ2φ2j2ψφ1j2φ1φ2
+3j4φ1φ1Frψφ2jφ2φ2bθ2φ2j
4
φ1φ2jψψ + 2j
5
φ1φ1Frψφ2jφ2φ2bθ2φ2j
2
φ1φ2j
2
ψφ2
+3j3φ1φ1Frψφ2j
2
φ2φ2
bθ2φ2j
4
φ1φ2
j2ψφ1 + 3j
4
φ1φ1
Frψφ2jφ2φ2bθ2φ2j
4
φ1φ2
j2ψφ2
−6j3φ1φ1Frψφ2jφ2φ2bθ2φ2j5φ1φ2jψφ2jψφ1 − 3j5φ1φ1Frψφ2j2φ2φ2bθ2φ2jψψj2φ1φ2
+2j5φ1φ1Frψφ2j
2
φ2φ2bθ2φ2jψφ2jψφ1jφ1φ2 + 2j
4
φ1φ1Frψφ2j
2
φ2φ2bθ2φ2j
2
φ1φ2j
2
ψφ1
−4j4φ1φ1Frψφ2jφ2φ2bθ2φ2j3φ1φ2jψφ2jψφ1 + 4j3φ1φ1Frψφ2jφ2φ2bθ2φ2j6φ1φ2jψψ
+4j5φ1φ1Frψφ2j
3
φ2φ2
bθ2φ2jψψj
2
φ1φ2
− 2j5φ1φ1Frψφ2j3φ2φ2bθ2φ2jψφ2jψφ1jφ1φ2
−6j4φ1φ1Frψφ2j2φ2φ2bθ2φ2j4φ1φ2jψψ − 3j4φ1φ1Frψφ2j3φ2φ2bθ2φ2j2φ1φ2j2ψφ1
−3j5φ1φ1Frψφ2j2φ2φ2bθ2φ2j2φ1φ2j2ψφ2 + 6j4φ1φ1Frψφ2j2φ2φ2bθ2φ2j3φ1φ2jψφ2jψφ1
−8Fψθ2φ2j2φ1φ1brφ1j7φ1φ2jφ2φ2jψψ − 6Fψθ2φ2j2φ1φ1brφ1j5φ1φ2j2φ2φ2j2ψφ1
−6Fψθ2φ2j3φ1φ1brφ1j5φ1φ2jφ2φ2j2ψφ2 + 12Fψθ2φ2j2φ1φ1brφ1j6φ1φ2jφ2φ2jψφ2jψφ1
−3Fψθ2φ2j5φ1φ1brφ2j2φ2φ2jψψj2φ1φ2 + 2Fψθ2φ2j5φ1φ1brφ2j2φ2φ2jψφ2jψφ1jφ1φ2
+3Fψθ2φ2j
4
φ1φ1
brφ2jφ2φ2j
4
φ1φ2
jψψ + 2Fψθ2φ2j
4
φ1φ1
brφ2j
2
φ2φ2
j2φ1φ2j
2
ψφ1
+2Fψθ2φ2j
5
φ1φ1brφ2jφ2φ2j
2
φ1φ2j
2
ψφ2 − 4Fψθ2φ2j4φ1φ1brφ2jφ2φ2j3φ1φ2jψφ2jψφ1
−Fψθ2φ2j3φ1φ1brφ2j4φ1φ2j2ψφ1jφ2φ2 + 2Fψθ2φ2j3φ1φ1brφ2j5φ1φ2jψφ2jψφ1
−Fψθ2φ2j2φ1φ1brφ2j6φ1φ2j2ψφ1jφ2φ2 − Fψθ2φ2j3φ1φ1brφ2j6φ1φ2j2ψφ2
+2Fψθ2φ2jφ1φ1brφ1j
7
φ1φ2j
2
ψφ1jφ2φ2 + 2Fψθ2φ2j
2
φ1φ1brφ1j
7
φ1φ2j
2
ψφ2
−4Fψθ2φ2jφ1φ1brφ1j8φ1φ2jψφ2jψφ1 + Fψθ2φ2j6φ1φ1brφ2j3φ2φ2jψψ
−Fψθ2φ2j5φ1φ1brφ2j3φ2φ2j2ψφ1 − Fψθ2φ2j6φ1φ1brφ2j2φ2φ2j2ψφ2
−Fψθ2φ2j3φ1φ1brφ2j6φ1φ2jψψ − Fψθ2φ2j4φ1φ1brφ2j4φ1φ2j2ψφ2
+2Fψθ2φ2jφ1φ1brφ1j
9
φ1φ2
jψψ − j5φ1φ1Frφ1φ2bθ2φ2jψφ1j3φ2φ2jψψ
+3j4φ1φ1Frφ1φ2bθ2φ2jψφ1j
2
φ2φ2
jψψj
2
φ1φ2
+ j5φ1φ1Frφ1φ2bθ2φ2jψφ1j
2
φ2φ2
j2ψφ2
−2j4φ1φ1Frφ1φ2bθ2φ2j2ψφ1j2φ2φ2jψφ2jφ1φ2 − 3j3φ1φ1Frφ1φ2bθ2φ2jψφ1jφ2φ2j4φ1φ2jψψ
−2j4φ1φ1Frψφ2j3φ1φ2jθ2φ2jψφ2jψφ1 − j2φ1φ1Frψφ2j6φ1φ2bθ2φ2j2ψφ1jφ2φ2
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+j6φ1φ1Frψφ2j
3
φ2φ2
bθ2φ2jψψ − j5φ1φ1Frψφ2j3φ2φ2bθ2φ2j2ψφ1
−j6φ1φ1Frψφ2j2φ2φ2bθ2φ2j2ψφ2 − j6φ1φ1Frψφ2j4φ2φ2bθ2φ2jψψ
+j5φ1φ1Frψφ2j
4
φ2φ2
bθ2φ2j
2
ψφ1
+ j6φ1φ1Frψφ2j
3
φ2φ2
bθ2φ2j
2
ψφ2
−j6φ1φ1Frψφ2jφ2φ2jθ2φ2j2ψφ2 + j3φ1φ1Frψφ2j4φ1φ2jθ2φ2j2ψφ1
−j3φ1φ1Frψφ2j6φ1φ2bθ2φ2jψψ − j4φ1φ1Frψφ2j4φ1φ2bθ2φ2j2ψφ2
−j3φ1φ1Frψφ2j6φ1φ2bθ2φ2j2ψφ2 + 2j2φ1φ1Frψφ2j7φ1φ2bθ2φ2jψφ2jψφ1
+j5φ1φ1Frψφ2j
2
φ1φ2
jθ2φ2j
2
ψφ2
− j5φ1φ1Frψφ1j3φ2φ2bθ2φ2jφ1φ2jψψ
+3j4φ1φ1Frψφ1j
2
φ2φ2bθ2φ2j
3
φ1φ2jψψ + jφ1φ1Frψφ1j
9
φ1φ2bθ2φ2jψψ
−2j3φ1φ1Frφ1φ2bθ2φ2j3ψφ1j2φ2φ2j2φ1φ2 − 2j4φ1φ1Frφ1φ2bθ2φ2jψφ1jφ2φ2j2φ1φ2j2ψφ2
+4j3φ1φ1Frφ1φ2bθ2φ2j
2
ψφ1
jφ2φ2j
3
φ1φ2
jψφ2 + j
2
φ1φ1
Frφ1φ2bθ2φ2jψφ1j
6
φ1φ2
jψψ
+j2φ1φ1Frφ1φ2bθ2φ2j
3
ψφ1j
4
φ1φ2jφ2φ2 + j
3
φ1φ1Frφ1φ2bθ2φ2jψφ1j
4
φ1φ2j
2
ψφ2
−2j2φ1φ1Frφ1φ2bθ2φ2j2ψφ1j5φ1φ2jψφ2 − j5φ1φ1Frφ1φ2jθ2φ2jψφ1j2φ2φ2jψψ
+3j5φ1φ1Frφ1φ2jθ2φ2jψφ1jφ2φ2j
2
ψφ2
− 8j4φ1φ1Frφ1φ2jθ2φ2j2ψφ1jφ2φ2jψφ2jφ1φ2
+2j5φ1φ1Frφ1φ2jθ2φ2jφ1φ2jψφ2jψψjφ2φ2 − 2j4φ1φ1Frφ1φ2jθ2φ2j3φ1φ2jψφ2jψψ
+3j4φ1φ1Frφ1φ2jθ2φ2j
2
φ1φ2j
2
ψφ2jψφ1 − 2j2φ1φ1Frφ1φ2jθ2φ2j3ψφ1j4φ1φ2
+j5φ1φ1Frφ1φ2bθ2φ2jψφ1j
4
φ2φ2
jψψ − 4j4φ1φ1Frφ1φ2bθ2φ2jψφ1j3φ2φ2jψψj2φ1φ2
−j5φ1φ1Frφ1φ2bθ2φ2jψφ1j3φ2φ2j2ψφ2 + 2j4φ1φ1Frφ1φ2bθ2φ2j2ψφ1j3φ2φ2jψφ2jφ1φ2
+6j3φ1φ1Frφ1φ2bθ2φ2jψφ1j
2
φ2φ2j
4
φ1φ2jψψ + 3j
3
φ1φ1Frφ1φ2bθ2φ2j
3
ψφ1j
3
φ2φ2j
2
φ1φ2
+3j4φ1φ1Frφ1φ2bθ2φ2jψφ1j
2
φ2φ2
j2φ1φ2j
2
ψφ2
− 6j3φ1φ1Frφ1φ2bθ2φ2j2ψφ1j2φ2φ2j3φ1φ2jψφ2
−4j2φ1φ1Frφ1φ2bθ2φ2jψφ1jφ2φ2j6φ1φ2jψψ − 3j2φ1φ1Frφ1φ2bθ2φ2j3ψφ1j2φ2φ2j4φ1φ2
−3j3φ1φ1Frφ1φ2bθ2φ2jψφ1jφ2φ2j4φ1φ2j2ψφ2 + 6j2φ1φ1Frφ1φ2bθ2φ2j2ψφ1jφ2φ2j5φ1φ2jψφ2
+j2φ1φ1Frφ1φ2bθ2φ2jψφ1j
6
φ1φ2
j2ψφ2 − j4φ1φ1Frφ1φ2bθ2φ2j3ψφ1j4φ2φ2
+jφ1φ1Frφ1φ2bθ2φ2jψφ1j
8
φ1φ2
jψψ + jφ1φ1Frφ1φ2bθ2φ2j
3
ψφ1
j6φ1φ2jφ2φ2
−2jφ1φ1Frφ1φ2bθ2φ2j2ψφ1j7φ1φ2jψφ2 + j4φ1φ1Frφ1φ2bθ2φ2j3ψφ1j3φ2φ2
+j4φ1φ1Frφ1φ2jθ2φ2j
3
ψφ1
j2φ2φ2 + 2Fψθ2φ2j
2
φ1φ1
j7φ1φ2brφ1jψψ
+j4φ1φ1Frψφ1j
3
φ2φ2
bθ2φ2jφ1φ2j
2
ψφ1
+ j5φ1φ1Frψφ1j
2
φ2φ2
bθ2φ2jφ1φ2j
2
ψφ2
−2j4φ1φ1Frψφ1j2φ2φ2bθ2φ2j2φ1φ2jψφ2jψφ1 − 2j3φ1φ1Frψφ1j2φ2φ2bθ2φ2j3φ1φ2j2ψφ1
+4j3φ1φ1Frψφ1jφ2φ2bθ2φ2j
4
φ1φ2
jψφ2jψφ1 + j
5
φ1φ1
Frψφ1j
2
φ2φ2
jθ2φ2jψφ2jψφ1
−4j4φ1φ1Frψφ1jφ2φ2jθ2φ2jψφ2jψφ1j2φ1φ2 − j4φ1φ1Frψφ1j2φ2φ2jθ2φ2j2ψφ1jφ1φ2
+j5φ1φ1Frψφ1j
4
φ2φ2bθ2φ2jφ1φ2jψψ − 4j4φ1φ1Frψφ1j3φ2φ2bθ2φ2j3φ1φ2jψψ
−j4φ1φ1Frψφ1j4φ2φ2bθ2φ2jφ1φ2j2ψφ1 − j5φ1φ1Frψφ1j3φ2φ2bθ2φ2jφ1φ2j2ψφ2
+6j3φ1φ1Frψφ1j
2
φ2φ2
bθ2φ2j
5
φ1φ2
jψψ + 2j
4
φ1φ1
Frψφ1j
3
φ2φ2
bθ2φ2j
2
φ1φ2
jψφ2jψφ1
+3j3φ1φ1Frψφ1j
3
φ2φ2bθ2φ2j
3
φ1φ2j
2
ψφ1 + 3j
4
φ1φ1Frψφ1j
2
φ2φ2bθ2φ2j
3
φ1φ2j
2
ψφ2
−6j3φ1φ1Frψφ1j2φ2φ2bθ2φ2j4φ1φ2jψφ2jψφ1 − 3j3φ1φ1Frψφ1jφ2φ2bθ2φ2j5φ1φ2jψψ
– 73 –
−2j4φ1φ1Frψφ1jφ2φ2bθ2φ2j3φ1φ2j2ψφ2 + j5φ1φ1Frψφ1jφ2φ2jθ2φ2j2ψφ2jφ1φ2
+3j3φ1φ1Frψφ1jφ2φ2jθ2φ2j
2
ψφ1j
3
φ1φ2 − 3j2φ1φ1Frψφ1j2φ2φ2bθ2φ2j5φ1φ2j2ψφ1
−3j3φ1φ1Frψφ1jφ2φ2bθ2φ2j5φ1φ2j2ψφ2 + 6j2φ1φ1Frψφ1jφ2φ2bθ2φ2j6φ1φ2jψφ2jψφ1
−4j2φ1φ1Frψφ1jφ2φ2bθ2φ2j7φ1φ2jψψ + j2φ1φ1Frψφ1j5φ1φ2bθ2φ2j2ψφ1jφ2φ2
−2j2φ1φ1Frψφ1j6φ1φ2bθ2φ2jψφ2jψφ1 + 3j3φ1φ1Frψφ1j4φ1φ2jθ2φ2jψφ2jψφ1
+j2φ1φ1Frψφ1j
7
φ1φ2
bθ2φ2jψψ + j
3
φ1φ1
Frψφ1j
5
φ1φ2
bθ2φ2j
2
ψφ2
−j4φ1φ1Frψφ1j3φ1φ2jθ2φ2j2ψφ2 − 2j2φ1φ1Frψφ1j5φ1φ2jθ2φ2j2ψφ1
+jφ1φ1Frψφ1j
7
φ1φ2bθ2φ2j
2
ψφ1jφ2φ2 + j
2
φ1φ1Frψφ1j
7
φ1φ2bθ2φ2j
2
ψφ2
+2jψφ1Fθ2φ1φ2j
7
φ1φ2brφ1jφ1φ1jψψ + 2Fψθ2φ2j
3
φ1φ1j
5
φ1φ2brφ1j
2
ψφ2
−2Fψθ2φ2j5φ1φ1jφ1φ2brφ1j3φ2φ2jψψ − 2jφ1φ1Frψφ1j8φ1φ2bθ2φ2jψφ2jψφ1
−2j2φ1φ1Frθ2φ1jψφ1j6φ1φ2jψψ − 2j2φ1φ1Frθ2φ1j3ψφ1j4φ1φ2jφ2φ2
+4j2φ1φ1Frθ2φ1j
2
ψφ1j
5
φ1φ2jψφ2 + 3j
5
φ1φ1Frθ2φ1jφ1φ2jψφ2j
2
φ2φ2jψψ
−6j4φ1φ1Frθ2φ1j3φ1φ2jψφ2jφ2φ2jψψ − 5j4φ1φ1Frθ2φ1jφ1φ2jψφ2j2φ2φ2j2ψφ1
+7j4φ1φ1Frθ2φ1j
2
φ1φ2j
2
ψφ2jφ2φ2jψφ1 + j
3
φ1φ1Frθ2φ1j
3
φ1φ2jψφ2j
2
ψφ1jφ2φ2
+3j3φ1φ1Frθ2φ1jψφ1j
4
φ1φ2jφ2φ2jψψ − 3j5φ1φ1Frθ2φ1jφ1φ2j3ψφ2jφ2φ2
+3j3φ1φ1Frθ2φ1j
5
φ1φ2
jψφ2jψψ − 8j3φ1φ1Frθ2φ1j4φ1φ2j2ψφ2jψφ1
+j3φ1φ1Frθ2φ1j
3
ψφ1
j2φ1φ2j
2
φ2φ2
− j5φ1φ1Frθ2φ1jψφ1j3φ2φ2jψψ
+j5φ1φ1Frθ2φ1jψφ1j
2
φ2φ2j
2
ψφ2 − Fψθ2φ2j6φ1φ1brφ2j4φ2φ2jψψ
+Fψθ2φ2j
5
φ1φ1
brφ2j
4
φ2φ2
j2ψφ1 + Fψθ2φ2j
6
φ1φ1
brφ2j
3
φ2φ2
j2ψφ2
+6Fψθ2φ2j
4
φ1φ1
j3φ1φ2brφ1j
2
φ2φ2
jψψ + 2Fψθ2φ2j
4
φ1φ1
jφ1φ2brφ1j
3
φ2φ2
j2ψφ1
+2Fψθ2φ2j
5
φ1φ1jφ1φ2brφ1j
2
φ2φ2j
2
ψφ2 − 4Fψθ2φ2j4φ1φ1j2φ1φ2brφ1j2φ2φ2jψφ2jψφ1
−6Fψθ2φ2j3φ1φ1j5φ1φ2brφ1jφ2φ2jψψ − 4Fψθ2φ2j3φ1φ1j3φ1φ2brφ1j2φ2φ2j2ψφ1
−4Fψθ2φ2j4φ1φ1j3φ1φ2brφ1jφ2φ2j2ψφ2 + 8Fψθ2φ2j3φ1φ1j4φ1φ2brφ1jφ2φ2jψφ2jψφ1
+2Fψθ2φ2j
2
φ1φ1j
5
φ1φ2brφ1j
2
ψφ1jφ2φ2 − 4Fψθ2φ2j2φ1φ1j6φ1φ2brφ1jψφ2jψφ1
+4Fψθ2φ2j
5
φ1φ1
brφ2j
3
φ2φ2
jψψj
2
φ1φ2
− 2Fψθ2φ2j5φ1φ1brφ2j3φ2φ2jψφ2jψφ1jφ1φ2
−6Fψθ2φ2j4φ1φ1brφ2j2φ2φ2j4φ1φ2jψψ − 3Fψθ2φ2j4φ1φ1brφ2j3φ2φ2j2φ1φ2j2ψφ1
−3Fψθ2φ2j5φ1φ1brφ2j2φ2φ2j2φ1φ2j2ψφ2 + 6Fψθ2φ2j4φ1φ1brφ2j2φ2φ2j3φ1φ2jψφ2jψφ1
+4Fψθ2φ2j
3
φ1φ1
brφ2jφ2φ2j
6
φ1φ2
jψψ + 3Fψθ2φ2j
3
φ1φ1
brφ2j
2
φ2φ2
j4φ1φ2j
2
ψφ1
+3Fψθ2φ2j
4
φ1φ1
brφ2jφ2φ2j
4
φ1φ2
j2ψφ2 − 6Fψθ2φ2j3φ1φ1brφ2jφ2φ2j5φ1φ2jψφ2jψφ1
−Fψθ2φ2j2φ1φ1brφ2j8φ1φ2jψψ + 2Fψθ2φ2j2φ1φ1brφ2j7φ1φ2jψφ2jψφ1
+2Fψθ2φ2j
5
φ1φ1
brφ1jφ1φ2j
4
φ2φ2
jψψ − 8Fψθ2φ2j4φ1φ1brφ1j3φ1φ2j3φ2φ2jψψ
−2Fψθ2φ2j4φ1φ1brφ1jφ1φ2j4φ2φ2j2ψφ1 − 2Fψθ2φ2j5φ1φ1brφ1jφ1φ2j3φ2φ2j2ψφ2
+4Fψθ2φ2j
4
φ1φ1brφ1j
2
φ1φ2j
3
φ2φ2jψφ2jψφ1 + 12Fψθ2φ2j
3
φ1φ1brφ1j
5
φ1φ2j
2
φ2φ2jψψ
+6Fψθ2φ2j
3
φ1φ1
brφ1j
3
φ1φ2
j3φ2φ2j
2
ψφ1
+ 6Fψθ2φ2j
4
φ1φ1
brφ1j
3
φ1φ2
j2φ2φ2j
2
ψφ2
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−12Fψθ2φ2j3φ1φ1brφ1j4φ1φ2j2φ2φ2jψφ2jψφ1 − 2j5φ1φ1Frφ1φ2jθ2φ2jφ1φ2j3ψφ2
+2j3φ1φ1Frφ1φ2jθ2φ2j
2
ψφ1jψφ2j
3
φ1φ2 + 3j
3
φ1φ1Frφ1φ2jθ2φ2j
3
ψφ1j
2
φ1φ2jφ2φ2
+j3φ1φ1Frφ1φ2jθ2φ2j
4
φ1φ2
jψφ1jψψ − j2φ1φ1Frψφ2j8φ1φ2bθ2φ2jψψ
+2j5φ1φ1Frψφ2jφ2φ2jθ2φ2jψφ2jψφ1jφ1φ2 + j
6
φ1φ1
Frθ2φ2j
3
ψφ2
jφ2φ2
−j6φ1φ1Frθ2φ2jψφ2j2φ2φ2jψψ + 2j5φ1φ1Frθ2φ2jψφ2jφ2φ2jψψj2φ1φ2
+j5φ1φ1Frθ2φ2jψφ2j
2
φ2φ2
j2ψφ1 − 3j5φ1φ1Frθ2φ2j2ψφ2jφ2φ2jψφ1jφ1φ2
−j4φ1φ1Frθ2φ2jψφ2j4φ1φ2jψψ + j4φ1φ1Frθ2φ2jψφ2j2φ1φ2j2ψφ1jφ2φ2
+3j4φ1φ1Frθ2φ2j
2
ψφ2j
3
φ1φ2jψφ1 + j
5
φ1φ1Frθ2φ2jψφ1jφ1φ2j
2
φ2φ2jψψ
−2j4φ1φ1Frθ2φ2jψφ1j3φ1φ2jφ2φ2jψψ − j4φ1φ1Frθ2φ2j3ψφ1jφ1φ2j2φ2φ2
+j3φ1φ1Frθ2φ2jψφ1j
5
φ1φ2
jψψ + j
3
φ1φ1
Frθ2φ2j
3
ψφ1
j3φ1φ2jφ2φ2
−2j3φ1φ1Frθ2φ2j2ψφ1j4φ1φ2jψφ2 − j5φ1φ2Frψθ2φ1φ2j3φ1φ1j2ψφ2
+jφ1φ2Frψθ2φ1φ2j
5
φ1φ1j
3
φ2φ2jψψ − jφ1φ2Frψθ2φ1φ2j4φ1φ1j3φ2φ2j2ψφ1
−jφ1φ2Frψθ2φ1φ2j5φ1φ1j2φ2φ2j2ψφ2 − j9φ1φ2Frψθ2φ1φ2jφ1φ1jψψ
−j7φ1φ2Frψθ2φ1φ2j2φ1φ1jψψ − j7φ1φ2Frψθ2φ1φ2j2φ1φ1j2ψφ2
+4j3φ1φ2Frψθ2φ1φ2j
4
φ1φ1j
3
φ2φ2jψψ − 2j2φ1φ2Frψθ2φ1φ2j4φ1φ1j3φ2φ2jψφ2jψφ1
+6j4φ1φ2Frψθ2φ1φ2j
3
φ1φ1
j2φ2φ2jψφ2jψφ1 − 6j6φ1φ2Frψθ2φ1φ2j2φ1φ1jφ2φ2jψφ2jψφ1
+2j2φ1φ2Frψθ2φ1φ2j
4
φ1φ1
j2φ2φ2jψφ2jψφ1 − 4j4φ1φ2Frψθ2φ1φ2j3φ1φ1jφ2φ2jψφ2jψφ1
−6j5φ1φ2Frψθ2φ1φ2j3φ1φ1j2φ2φ2jψψ − 3j3φ1φ2Frψθ2φ1φ2j3φ1φ1j3φ2φ2j2ψφ1
−3j3φ1φ2Frψθ2φ1φ2j4φ1φ1j2φ2φ2j2ψφ2 + 4j7φ1φ2Frψθ2φ1φ2j2φ1φ1jφ2φ2jψψ
+3j5φ1φ2Frψθ2φ1φ2j
2
φ1φ1
j2φ2φ2j
2
ψφ1
+ 3j5φ1φ2Frψθ2φ1φ2j
3
φ1φ1
jφ2φ2j
2
ψφ2
−jφ1φ2Frψθ2φ1φ2j5φ1φ1j4φ2φ2jψψ + jφ1φ2Frψθ2φ1φ2j4φ1φ1j4φ2φ2j2ψφ1
+jφ1φ2Frψθ2φ1φ2j
5
φ1φ1
j3φ2φ2j
2
ψφ2
− j7φ1φ2Frψθ2φ1φ2jφ1φ1j2ψφ1jφ2φ2
+2j8φ1φ2Frψθ2φ1φ2jφ1φ1jψφ2jψφ1 − 3j3φ1φ2Frψθ2φ1φ2j4φ1φ1j2φ2φ2jψψ
+3j5φ1φ2Frψθ2φ1φ2j
3
φ1φ1jφ2φ2jψψ + 2j
3
φ1φ2Frψθ2φ1φ2j
3
φ1φ1j
2
φ2φ2j
2
ψφ1
+2j3φ1φ2Frψθ2φ1φ2j
4
φ1φ1
jφ2φ2j
2
ψφ2
− j5φ1φ2Frψθ2φ1φ2j2φ1φ1j2ψφ1jφ2φ2
+2j6φ1φ2Frψθ2φ1φ2j
2
φ1φ1
jψφ2jψφ1 + 2jψφ1Fθ2φ1φ2j
5
φ1φ2
brφ1j
2
φ1φ1
j2ψφ2
−jψφ1Fθ2φ1φ2brφ2j5φ1φ1j4φ2φ2jψψ + j3ψφ1Fθ2φ1φ2brφ2j4φ1φ1j4φ2φ2
+jψφ1Fθ2φ1φ2brφ2j
5
φ1φ1
j3φ2φ2j
2
ψφ2
− 2jψφ1Fθ2φ1φ2jφ1φ2brφ1j4φ1φ1j3φ2φ2jψψ
+6jψφ1Fθ2φ1φ2j
3
φ1φ2
brφ1j
3
φ1φ1
j2φ2φ2jψψ + 2j
3
ψφ1
Fθ2φ1φ2jφ1φ2brφ1j
3
φ1φ1
j3φ2φ2
+2jψφ1Fθ2φ1φ2jφ1φ2brφ1j
4
φ1φ1j
2
φ2φ2j
2
ψφ2 − 4j2ψφ1Fθ2φ1φ2j2φ1φ2brφ1j3φ1φ1j2φ2φ2jψφ2
−6jψφ1Fθ2φ1φ2j5φ1φ2brφ1j2φ1φ1jφ2φ2jψψ − 4j3ψφ1Fθ2φ1φ2j3φ1φ2brφ1j2φ1φ1j2φ2φ2
−4jψφ1Fθ2φ1φ2j3φ1φ2brφ1j3φ1φ1jφ2φ2j2ψφ2 + 8j2ψφ1Fθ2φ1φ2j4φ1φ2brφ1j2φ1φ1jφ2φ2jψφ2
+2j3ψφ1Fθ2φ1φ2j
5
φ1φ2brφ1jφ1φ1jφ2φ2 − 4j2ψφ1Fθ2φ1φ2j6φ1φ2brφ1jφ1φ1jψφ2
+4jψφ1Fθ2φ1φ2brφ2j
4
φ1φ1
j3φ2φ2jψψj
2
φ1φ2
− 2j2ψφ1Fθ2φ1φ2brφ2j4φ1φ1j3φ2φ2jψφ2jφ1φ2
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−6jψφ1Fθ2φ1φ2brφ2j3φ1φ1j2φ2φ2j4φ1φ2jψψ − 3j3ψφ1Fθ2φ1φ2brφ2j3φ1φ1j3φ2φ2j2φ1φ2
−3jψφ1Fθ2φ1φ2brφ2j4φ1φ1j2φ2φ2j2φ1φ2j2ψφ2 + 6j2ψφ1Fθ2φ1φ2brφ2j3φ1φ1j2φ2φ2j3φ1φ2jψφ2
+4jψφ1Fθ2φ1φ2brφ2j
2
φ1φ1
jφ2φ2j
6
φ1φ2
jψψ + 3j
3
ψφ1
Fθ2φ1φ2brφ2j
2
φ1φ1
j2φ2φ2j
4
φ1φ2
+3jψφ1Fθ2φ1φ2brφ2j
3
φ1φ1
jφ2φ2j
4
φ1φ2
j2ψφ2 − 6j2ψφ1Fθ2φ1φ2brφ2j2φ1φ1jφ2φ2j5φ1φ2jψφ2
−jψφ1Fθ2φ1φ2brφ2jφ1φ1j8φ1φ2jψψ + 2j2ψφ1Fθ2φ1φ2brφ2jφ1φ1j7φ1φ2jψφ2
+2jψφ1Fθ2φ1φ2brφ1jφ1φ2j
4
φ2φ2
j4φ1φ1jψψ − 8jψφ1Fθ2φ1φ2brφ1j3φ1φ2j3φ2φ2j3φ1φ1jψψ
−2j3ψφ1Fθ2φ1φ2brφ1jφ1φ2j4φ2φ2j3φ1φ1 − 2jψφ1Fθ2φ1φ2brφ1jφ1φ2j3φ2φ2j4φ1φ1j2ψφ2
+4j2ψφ1Fθ2φ1φ2brφ1j
2
φ1φ2j
3
φ2φ2j
3
φ1φ1jψφ2 + 12jψφ1Fθ2φ1φ2brφ1j
5
φ1φ2j
2
φ2φ2j
2
φ1φ1jψψ
+6j3ψφ1Fθ2φ1φ2brφ1j
3
φ1φ2j
3
φ2φ2j
2
φ1φ1 + 6jψφ1Fθ2φ1φ2brφ1j
3
φ1φ2j
2
φ2φ2j
3
φ1φ1j
2
ψφ2
−12j2ψφ1Fθ2φ1φ2brφ1j4φ1φ2j2φ2φ2j2φ1φ1jψφ2 − 8jψφ1Fθ2φ1φ2brφ1j7φ1φ2jφ2φ2jφ1φ1jψψ
−6j3ψφ1Fθ2φ1φ2brφ1j5φ1φ2j2φ2φ2jφ1φ1 − 6jψφ1Fθ2φ1φ2brφ1j5φ1φ2jφ2φ2j2φ1φ1j2ψφ2
+12j2ψφ1Fθ2φ1φ2brφ1j
6
φ1φ2jφ2φ2jφ1φ1jψφ2 − 3jψφ1Fθ2φ1φ2brφ2j4φ1φ1j2φ2φ2jψψj2φ1φ2
+2j2ψφ1Fθ2φ1φ2brφ2j
4
φ1φ1
j2φ2φ2jψφ2jφ1φ2 + 3jψφ1Fθ2φ1φ2brφ2j
3
φ1φ1
jφ2φ2j
4
φ1φ2
jψψ
+2j3ψφ1Fθ2φ1φ2brφ2j
3
φ1φ1j
2
φ2φ2j
2
φ1φ2 + 2jψφ1Fθ2φ1φ2brφ2j
4
φ1φ1jφ2φ2j
2
φ1φ2j
2
ψφ2
−4j2ψφ1Fθ2φ1φ2brφ2j3φ1φ1jφ2φ2j3φ1φ2jψφ2 − j3ψφ1Fθ2φ1φ2brφ2j2φ1φ1j4φ1φ2jφ2φ2
+2j2ψφ1Fθ2φ1φ2brφ2j
2
φ1φ1
j5φ1φ2jψφ2 − j3ψφ1Fθ2φ1φ2brφ2jφ1φ1j6φ1φ2jφ2φ2
−jψφ1Fθ2φ1φ2brφ2j2φ1φ1j6φ1φ2j2ψφ2 + 2j3ψφ1Fθ2φ1φ2brφ1j7φ1φ2jφ2φ2
+2jψφ1Fθ2φ1φ2brφ1j
7
φ1φ2j
2
ψφ2jφ1φ1 − 4j2ψφ1Fθ2φ1φ2brφ1j8φ1φ2jψφ2
+jψφ1Fθ2φ1φ2brφ2j
5
φ1φ1
j3φ2φ2jψψ − j3ψφ1Fθ2φ1φ2brφ2j4φ1φ1j3φ2φ2
−jψφ1Fθ2φ1φ2brφ2j5φ1φ1j2φ2φ2j2ψφ2 − jψφ1Fθ2φ1φ2brφ2j2φ1φ1j6φ1φ2jψψ
−jψφ1Fθ2φ1φ2brφ2j3φ1φ1j4φ1φ2j2ψφ2 + 2jψφ1Fθ2φ1φ2brφ1j9φ1φ2jψψ
+3j4φ1φ1Frθ2φ1j
3
φ1φ2
j3ψφ2 + j
4
φ1φ1
Frθ2φ1j
3
ψφ1
j3φ2φ2
−j5φ1φ1Frθ2φ2j3ψφ2j2φ1φ2)/(j3φ1φ1(−jψψjφ1φ1jφ2φ2
+jψψj
2
φ1φ2 + j
2
ψφ1jφ2φ2
+j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2)(jφ2φ2jφ1φ1
−j2φ1φ2)2)
F˜ψθ1θ2φ1 = (j
2
φ1φ1
Fθ1θ2φ2jψψjφ2φ2 − j2φ1φ1Fθ1θ2φ2j2ψφ2
−jφ1φ1jφ2φ2Fθ1θ2φ2j2ψφ1 + jφ1φ1jφ2φ2jθ1φ1Fθ2φ1φ2jψψ
−2jφ1φ1jφ2φ2jφ1φ2Fθ1θ2φ1jψψ + jφ1φ1jφ2φ2jθ1φ1Fψθ2φ2jψφ1
−jφ1φ1jθ2φ2Fθ1φ1φ2jψφ2jψφ1 + 2jφ1φ1Fθ1θ2φ2jψφ2jψφ1jφ1φ2
+2jφ1φ1jθ2φ2jφ1φ2Fψθ1φ1jψφ2 + 2jφ1φ1jφ1φ2Fθ1θ2φ1j
2
ψφ2
−jφ1φ1Fθ1θ2φ2j2φ1φ2jψψ − jφ1φ1jθ1φ1Fθ2φ1φ2j2ψφ2
−jφ1φ1jθ2φ2Fθ1φ1φ2jφ1φ2jψψ − jφ1φ1jθ1φ1Fψθ2φ2jψφ2jφ1φ2
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+2jφ1φ2Fθ1θ2φ1j
2
ψφ1
jφ2φ2 − 4j2φ1φ2Fθ1θ2φ1jψφ2jψφ1
−2jθ1φ1Fθ2φ1φ2j2φ1φ2jψψ + 2j3φ1φ2Fθ1θ2φ1jψψ
+2jθ2φ2Fθ1φ1φ2j
2
ψφ1
jφ1φ2 + 2jθ1φ1Fθ2φ1φ2jψφ2jψφ1jφ1φ2
−2jθ2φ2j2φ1φ2Fψθ1φ1jψφ1)/(jφ1φ1(−jψψjφ1φ1jφ2φ2
+jψψj
2
φ1φ2 + j
2
ψφ1jφ2φ2
+j2ψφ2jφ1φ1 − 2jψφ2jψφ1jφ1φ2))
F˜ψθ1θ2φ2 = (−jφ1φ1Fθ1θ2φ1jψψjφ2φ2
+jφ1φ1Fθ1θ2φ1j
2
ψφ2 − jφ1φ1jθ2φ2Fθ1φ1φ2jψψ
+jφ1φ1jθ2φ2Fψθ1φ1jψφ2 + Fθ1θ2φ1j
2
ψφ1
jφ2φ2
−jθ1φ1Fθ2φ1φ2jφ1φ2jψψ + Fθ1θ2φ1j2φ1φ2jψψ
+jθ2φ2Fθ1φ1φ2j
2
ψφ1 + jθ1φ1Fθ2φ1φ2jψφ2jψφ1
−2Fθ1θ2φ1jψφ2jψφ1jφ1φ2 − jθ2φ2Fψθ1φ1jψφ1jφ1φ2)/(
−jψψjφ1φ1jφ2φ2 + jψψj2φ1φ2
+j2ψφ1jφ2φ2 + j
2
ψφ2jφ1φ1
−2jψφ2jψφ1jφ1φ2)
F˜θ1θ2φ1φ2 = −(−j5φ1φ2Fψθ1θ2φ1φ2j3φ1φ1j2ψ1φ2
−j9φ1φ2Fψθ1θ2φ1φ2jφ1φ1jψψ − 12j3φ1φ1Fψθ2φ2j2φ2φ2bθ1φ1j5φ1φ2jψψ
+2j5φ1φ1Fψθ2φ2j
3
φ2φ2
bθ1φ1jφ1φ2jψψ − 6j4φ1φ1Fψθ2φ2j2φ2φ2bθ1φ1j3φ1φ2jψψ
−2j4φ1φ1Fψθ2φ2j3φ2φ2bθ1φ1jφ1φ2j2ψφ1 − 2j5φ1φ1Fψθ2φ2j2φ2φ2bθ1φ1jφ1φ2j2ψ1φ2
+j6φ1φ1Fθ1θ2φ2jψ1φ2j
2
φ2φ2
jψψ − j6φ1φ1Fθ1θ2φ2j3ψ1φ2jφ2φ2
+6j3φ1φ1Fψθ2φ2jφ2φ2bθ1φ1j
5
φ1φ2
j2ψ1φ2 − 12j2φ1φ1Fψθ2φ2jφ2φ2bθ1φ1j6φ1φ2jψ1φ2jψφ1
−6j3φ1φ1Fψθ2φ2j3φ2φ2bθ1φ1j3φ1φ2j2ψφ1 − 6j4φ1φ1Fψθ2φ2j2φ2φ2bθ1φ1j3φ1φ2j2ψ1φ2
+12j3φ1φ1Fψθ2φ2j
2
φ2φ2
bθ1φ1j
4
φ1φ2
jψ1φ2jψφ1 + j
3
φ1φ1
Fψθ2φ2j
4
φ1φ2
jθ1φ1jψ1φ2jψφ1
+4j2φ1φ1Fψθ2φ2j
6
φ1φ2
bθ1φ1jψ1φ2jψφ1 − j4φ1φ1Fψθ2φ2j3φ1φ2jθ1φ1j2ψ1φ2
−2j3φ1φ1Fψθ2φ2j5φ1φ2bθ1φ1j2ψ1φ2 − 2j2φ1φ1Fψθ2φ2j7φ1φ2bθ1φ1jψψ
−2j2φ1φ1Fψθ2φ2j7φ1φ2bθ1φ1j2ψ1φ2 − j3φ1φ1Fψθ2φ2j3φ1φ2jθ1φ1j2ψφ1jφ2φ2
+6j3φ1φ1Fψθ2φ2jφ2φ2bθ1φ1j
5
φ1φ2
jψψ + 4j
4
φ1φ1
Fψθ2φ2jφ2φ2bθ1φ1j
3
φ1φ2
j2ψ1φ2
−2j2φ1φ1Fψθ2φ2j5φ1φ2bθ1φ1j2ψφ1jφ2φ2 + 4jφ1φ1Fψθ2φ2j8φ1φ2bθ1φ1jψ1φ2jψφ1
−2jφ1φ1Fψθ2φ2j7φ1φ2bθ1φ1j2ψφ1jφ2φ2 + 8j2φ1φ1Fψθ2φ2jφ2φ2bθ1φ1j7φ1φ2jψψ
+6j2φ1φ1Fψθ2φ2j
2
φ2φ2
bθ1φ1j
5
φ1φ2
j2ψφ1 + j
5
φ1φ1
Fψθ2φ2jφ2φ2jθ1φ1jφ1φ2j
2
ψ1φ2
−j5φ1φ1Fψθ2φ2j2φ2φ2jθ1φ1jψφ1jψ1φ2 + j4φ1φ1Fψθ2φ2j2φ2φ2jθ1φ1j2ψφ1jφ1φ2
−3j4φ1φ1Fθ1θ2φ1j3φ1φ2j3ψ1φ2 + 8j3φ1φ1Fθ1θ2φ1j4φ1φ2j2ψ1φ2jψφ1
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−2j5φ1φ1Fθ1θ2φ2jψ1φ2jφ2φ2jψψj2φ1φ2 − j5φ1φ1Fθ1θ2φ2jψ1φ2j2φ2φ2j2ψφ1
+3j5φ1φ1Fθ1θ2φ2j
2
ψ1φ2jφ2φ2jψφ1jφ1φ2 + j
5
φ1φ1Fθ1θ2φ2j
3
ψ1φ2j
2
φ1φ2
−4j4φ1φ1Fψθ1φ1jφ2φ2jθ2φ2jψ1φ2jψφ1j2φ1φ2 + 3j3φ1φ1Fψθ1φ1jφ2φ2jθ2φ2j2ψφ1j3φ1φ2
+jφ1φ1Fψθ1φ1j
9
φ1φ2
bθ2φ2jψψ − j4φ1φ1Fψθ1φ1j2φ2φ2jθ2φ2j2ψφ1jφ1φ2
+6j2φ1φ1Fψθ1φ1jφ2φ2bθ2φ2j
6
φ1φ2jψ1φ2jψφ1 − 2j4φ1φ1Fψθ1φ1jφ2φ2bθ2φ2j3φ1φ2j2ψ1φ2
−j5φ1φ1Fψθ1φ1j3φ2φ2bθ2φ2jφ1φ2jψψ + j4φ1φ1Fθ1θ2φ2jψ1φ2j4φ1φ2jψψ
−j4φ1φ1Fθ1θ2φ2jψ1φ2j2φ1φ2j2ψφ1jφ2φ2 − 3j4φ1φ1Fθ1θ2φ2j2ψ1φ2j3φ1φ2jψφ1
−j5φ1φ1Fθ1θ2φ2jψφ1jφ1φ2j2φ2φ2jψψ + 2j4φ1φ1Fθ1θ2φ2jψφ1j3φ1φ2jφ2φ2jψψ
+j4φ1φ1Fθ1θ2φ2j
3
ψφ1jφ1φ2j
2
φ2φ2 − 3j3φ1φ1Fθ1θ2φ1j5φ1φ2jψ1φ2jψψ
+3j5φ1φ1Fθ1θ2φ1jφ1φ2j
3
ψ1φ2
jφ2φ2 − j3φ1φ1Fθ1θ2φ2jψφ1j5φ1φ2jψψ
−j3φ1φ1Fθ1θ2φ2j3ψφ1j3φ1φ2jφ2φ2 + 2j3φ1φ1Fθ1θ2φ2j2ψφ1j4φ1φ2jψ1φ2
−2Fθ2φ1φ2j2φ1φ1jθ1φ1jψφ1j5φ1φ2jψψ − 4Fθ2φ1φ2j2φ1φ1jθ1φ1j3ψφ1j3φ1φ2jφ2φ2
+4Fθ2φ1φ2bθ1φ1j
8
φ1φ2
j2ψφ1jψ1φ2 − 2Fθ2φ1φ2bθ1φ1j7φ1φ2j3ψφ1jφ2φ2
+6Fθ2φ1φ2j
2
φ1φ1jθ1φ1j
2
ψφ1j
4
φ1φ2jψ1φ2 − 8Fθ2φ1φ2bθ1φ1j4φ1φ2j2ψφ1j2φ1φ1jφ2φ2jψ1φ2
−2Fθ2φ1φ2bθ1φ1j5φ1φ2jψφ1j2φ1φ1j2ψ1φ2 + 4Fθ2φ1φ2bθ1φ1j6φ1φ2j2ψφ1jφ1φ1jψ1φ2
+Fθ2φ1φ2j
5
φ1φ1
jθ1φ1jψ1φ2j
2
φ2φ2
jψψ − 2Fθ2φ1φ2bθ1φ1j9φ1φ2jψφ1jψψ
−3j3φ1φ1Fψθ1φ1jφ2φ2bθ2φ2j5φ1φ2j2ψ1φ2 + j5φ1φ1Fψθ1φ1j4φ2φ2bθ2φ2jφ1φ2jψψ
−4j4φ1φ1Fψθ1φ1j3φ2φ2bθ2φ2j3φ1φ2jψψ + jφ1φ1Fψθ1φ1j7φ1φ2bθ2φ2j2ψφ1jφ2φ2
−3j2φ1φ1Fψθ1φ1j2φ2φ2bθ2φ2j5φ1φ2j2ψφ1 + 4j3φ1φ2Fψθ1θ2φ1φ2j4φ1φ1j3φ2φ2jψψ
−j7φ1φ2Fψθ1θ2φ1φ2j2φ1φ1jψψ − 6j5φ1φ2Fψθ1θ2φ1φ2j3φ1φ1j2φ2φ2jψψ
+jφ1φ2Fψθ1θ2φ1φ2j
5
φ1φ1j
3
φ2φ2jψψ − jφ1φ2Fψθ1θ2φ1φ2j4φ1φ1j3φ2φ2j2ψφ1
−jφ1φ2Fψθ1θ2φ1φ2j5φ1φ1j2φ2φ2j2ψ1φ2 − 3j3φ1φ2Fψθ1θ2φ1φ2j3φ1φ1j3φ2φ2j2ψφ1
−3j3φ1φ2Fψθ1θ2φ1φ2j4φ1φ1j2φ2φ2j2ψ1φ2 + 3j5φ1φ2Fψθ1θ2φ1φ2j2φ1φ1j2φ2φ2j2ψφ1
−12Fθ2φ1φ2bθ1φ1j5φ1φ2jψφ1j2φ2φ2j2φ1φ1jψψ − 6Fθ2φ1φ2bθ1φ1j3φ1φ2jψφ1j2φ2φ2j3φ1φ1j2ψ1φ2
+3Fθ2φ1φ2j
4
φ1φ1
jθ1φ1j
2
φ1φ2
j3ψ1φ2 + 2Fθ2φ1φ2bθ1φ1jφ1φ2jψφ1j
3
φ2φ2
j4φ1φ1j
2
ψ1φ2
−6Fθ2φ1φ2bθ1φ1j3φ1φ2j3ψφ1j3φ2φ2j2φ1φ1 − 4j2φ1φ1Fψθ1φ1jφ2φ2bθ2φ2j7φ1φ2jψψ
+3j4φ1φ1Fψθ1φ1j
2
φ2φ2bθ2φ2j
3
φ1φ2j
2
ψ1φ2 − 6j3φ1φ1Fψθ1φ1j2φ2φ2bθ2φ2j4φ1φ2jψ1φ2jψφ1
−j4φ1φ1Fψθ1φ1j4φ2φ2bθ2φ2jφ1φ2j2ψφ1 + j2φ1φ1Fψθ1φ1j7φ1φ2bθ2φ2j2ψ1φ2
+4j7φ1φ2Fψθ1θ2φ1φ2j
2
φ1φ1
jφ2φ2jψψ + 3j
5
φ1φ2
Fψθ1θ2φ1φ2j
3
φ1φ1
jφ2φ2j
2
ψ1φ2
−jφ1φ2Fψθ1θ2φ1φ2j5φ1φ1j4φ2φ2jψψ + jφ1φ2Fψθ1θ2φ1φ2j5φ1φ1j3φ2φ2j2ψ1φ2
+jφ1φ2Fψθ1θ2φ1φ2j
4
φ1φ1
j4φ2φ2j
2
ψφ1
+ 2j8φ1φ2Fψθ1θ2φ1φ2jφ1φ1jψ1φ2jψφ1
−j7φ1φ2Fψθ1θ2φ1φ2jφ1φ1j2ψφ1jφ2φ2 − 4Fθ2φ1φ2bθ1φ1j2φ1φ2j2ψφ1j3φ2φ2j3φ1φ1jψ1φ2
−2Fθ2φ1φ2bθ1φ1jφ1φ2jψφ1j4φ2φ2j4φ1φ1jψψ + 8Fθ2φ1φ2bθ1φ1j3φ1φ2jψφ1j3φ2φ2j3φ1φ1jψψ
+2Fθ2φ1φ2bθ1φ1jφ1φ2j
3
ψφ1
j4φ2φ2j
3
φ1φ1
+ 2j2φ1φ1Fθ1φ1φ2jθ2φ2j
3
ψφ1
j4φ1φ2
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+j2φ1φ1Fψθ1φ1j
7
φ1φ2
bθ2φ2jψψ + j
3
φ1φ1
Fψθ1φ1j
5
φ1φ2
bθ2φ2j
2
ψ1φ2
−j5φ1φ1Fψθ1φ1j3φ2φ2bθ2φ2jφ1φ2j2ψ1φ2 + 2j4φ1φ1Fψθ1φ1j3φ2φ2bθ2φ2j2φ1φ2jψ1φ2jψφ1
+6j3φ1φ1Fψθ1φ1j
2
φ2φ2
bθ2φ2j
5
φ1φ2
jψψ + 3j
3
φ1φ1
Fψθ1φ1j
3
φ2φ2
bθ2φ2j
3
φ1φ2
j2ψφ1
−3j3φ1φ1Fψθ1φ1jφ2φ2bθ2φ2j5φ1φ2jψψ − 2jφ1φ1Fψθ1φ1j8φ1φ2bθ2φ2jψ1φ2jψφ1
+j5φ1φ1Fψθ1φ1j
2
φ2φ2bθ2φ2jφ1φ2j
2
ψ1φ2 − 2j4φ1φ1Fψθ1φ1j2φ2φ2bθ2φ2j2φ1φ2jψ1φ2jψφ1
+12Fθ2φ1φ2bθ1φ1j
4
φ1φ2
j2ψφ1j
2
φ2φ2
j2φ1φ1jψ1φ2 + 8Fθ2φ1φ2bθ1φ1j
7
φ1φ2
jψφ1jφ2φ2jφ1φ1jψψ
+6Fθ2φ1φ2bθ1φ1j
5
φ1φ2
j3ψφ1j
2
φ2φ2
jφ1φ1 + 6Fθ2φ1φ2bθ1φ1j
5
φ1φ2
jψφ1jφ2φ2j
2
φ1φ1
j2ψ1φ2
−Fθ2φ1φ2j5φ1φ1jθ1φ1j3ψ1φ2jφ2φ2 − 12Fθ2φ1φ2bθ1φ1j6φ1φ2j2ψφ1jφ2φ2jφ1φ1jψ1φ2
−2Fθ2φ1φ2bθ1φ1j7φ1φ2jψφ1j2ψ1φ2jφ1φ1 − 3Fθ2φ1φ2j4φ1φ1jθ1φ1jψ1φ2j2φ2φ2j2ψφ1
+2Fθ2φ1φ2j
3
φ1φ1
jθ1φ1j
3
φ1φ2
jψφ1jφ2φ2jψψ + 2Fθ2φ1φ2j
3
φ1φ1
jθ1φ1jφ1φ2j
3
ψφ1
j2φ2φ2
−2j2φ1φ2Fψθ1θ2φ1φ2j4φ1φ1j3φ2φ2jψ1φ2jψφ1 + 6j4φ1φ2Fψθ1θ2φ1φ2j3φ1φ1j2φ2φ2jψ1φ2jψφ1
−6j6φ1φ2Fψθ1θ2φ1φ2j2φ1φ1jφ2φ2jψ1φ2jψφ1 − 3j3φ1φ2Fψθ1θ2φ1φ2j4φ1φ1j2φ2φ2jψψ
+2j2φ1φ2Fψθ1θ2φ1φ2j
4
φ1φ1
j2φ2φ2jψ1φ2jψφ1 − j5φ1φ2Fψθ1θ2φ1φ2j2φ1φ1j2ψφ1jφ2φ2
−2j3φ1φ1Fψθ1φ1j2φ2φ2bθ2φ2j3φ1φ2j2ψφ1 − j4φ1φ1Fψθ1φ1j3φ1φ2jθ2φ2j2ψ1φ2
−2j2φ1φ1Fψθ1φ1j5φ1φ2jθ2φ2j2ψφ1 + 4Fθ2φ1φ2j4φ1φ1jθ1φ1jφ1φ2jψφ1jφ2φ2j2ψ1φ2
+3Fθ2φ1φ2j
3
φ1φ1
jθ1φ1j
2
φ1φ2
j2ψφ1jφ2φ2jψ1φ2 + 3Fθ2φ1φ2j
3
φ1φ1
jθ1φ1j
4
φ1φ2
jψ1φ2jψψ
−4Fθ2φ1φ2j4φ1φ1jθ1φ1j2φ1φ2jψ1φ2jψψjφ2φ2 + 2j5φ1φ1Fθ1φ1φ2jθ2φ2jφ1φ2j3ψ1φ2
−4j4φ1φ2Fψθ1θ2φ1φ2j3φ1φ1jφ2φ2jψ1φ2jψφ1 + 2j6φ1φ2Fψθ1θ2φ1φ2j2φ1φ1jψ1φ2jψφ1
+3j5φ1φ2Fψθ1θ2φ1φ2j
3
φ1φ1
jφ2φ2jψψ + 2j
3
φ1φ2
Fψθ1θ2φ1φ2j
3
φ1φ1
j2φ2φ2j
2
ψφ1
+2j3φ1φ2Fψθ1θ2φ1φ2j
4
φ1φ1
jφ2φ2j
2
ψ1φ2
− 10Fθ2φ1φ2j3φ1φ1jθ1φ1j3φ1φ2j2ψ1φ2jψφ1
−2Fθ2φ1φ2bθ1φ1j5φ1φ2j3ψφ1jφ1φ1jφ2φ2 + 2Fθ2φ1φ2bθ1φ1jφ1φ2jψφ1j4φ1φ1j3φ2φ2jψψ
−6Fθ2φ1φ2bθ1φ1j3φ1φ2jψφ1j3φ1φ1j2φ2φ2jψψ − 2Fθ2φ1φ2bθ1φ1jφ1φ2j3ψφ1j3φ1φ1j3φ2φ2
+6Fθ2φ1φ2bθ1φ1j
5
φ1φ2
jψφ1j
2
φ1φ1
jφ2φ2jψψ + 4Fθ2φ1φ2bθ1φ1j
3
φ1φ2
jψφ1j
3
φ1φ1
jφ2φ2j
2
ψ1φ2
−2Fθ2φ1φ2bθ1φ1j7φ1φ2jψφ1jφ1φ1jψψ − 2Fθ2φ1φ2bθ1φ1jφ1φ2jψφ1j4φ1φ1j2φ2φ2j2ψ1φ2
−j4φ1φ1Fθ1φ1φ2bθ2φ2j3ψφ1j3φ2φ2 + 4Fθ2φ1φ2bθ1φ1j2φ1φ2j2ψφ1j3φ1φ1j2φ2φ2jψ1φ2
+4Fθ2φ1φ2bθ1φ1j
3
φ1φ2
j3ψφ1j
2
φ1φ1
j2φ2φ2 − j3φ1φ1Fθ1φ1φ2jθ2φ2j4φ1φ2jψφ1jψψ
+j5φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j
3
φ2φ2jψψ − 2j5φ1φ1Fψθ2φ2j4φ2φ2bθ1φ1jφ1φ2jψψ
+8j4φ1φ1Fψθ2φ2j
3
φ2φ2
bθ1φ1j
3
φ1φ2
jψψ + 2j
4
φ1φ1
Fψθ2φ2j
4
φ2φ2
bθ1φ1jφ1φ2j
2
ψφ1
+2j5φ1φ1Fψθ2φ2j
3
φ2φ2
bθ1φ1jφ1φ2j
2
ψ1φ2
− 4j4φ1φ1Fψθ2φ2j3φ2φ2bθ1φ1j2φ1φ2jψ1φ2jψφ1
+5j4φ1φ1Fθ1θ2φ1jφ1φ2jψ1φ2j
2
φ2φ2j
2
ψφ1 − 7j4φ1φ1Fθ1θ2φ1j2φ1φ2j2ψ1φ2jφ2φ2jψφ1
−3j4φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j2φ2φ2jψψj2φ1φ2 − j5φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j2φ2φ2j2ψ1φ2
+2j4φ1φ1Fθ1φ1φ2bθ2φ2j
2
ψφ1
j2φ2φ2jψ1φ2jφ1φ2 + 3j
3
φ1φ1
Fθ1φ1φ2bθ2φ2jψφ1jφ2φ2j
4
φ1φ2
jψψ
−j4φ1φ1Fθ1φ1φ2jθ2φ2j3ψφ1j2φ2φ2 − j3φ1φ1Fθ1θ2φ1j3φ1φ2jψ1φ2j2ψφ1jφ2φ2
−j3φ1φ1Fθ1θ2φ1j3ψφ1j2φ1φ2j2φ2φ2 + j5φ1φ1Fθ1θ2φ1jψφ1j3φ2φ2jψψ
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−j5φ1φ1Fθ1θ2φ1jψφ1j2φ2φ2j2ψ1φ2 + 2j2φ1φ1Fθ1θ2φ1jψφ1j6φ1φ2jψψ
−3j5φ1φ1Fθ1θ2φ1jφ1φ2jψ1φ2j2φ2φ2jψψ − 2jφ1φ1Fψθ2φ2j9φ1φ2bθ1φ1jψψ
+4j4φ1φ1Fψθ2φ2j
2
φ2φ2
bθ1φ1j
2
φ1φ2
jψ1φ2jψφ1 + 2j
4
φ1φ1
Fθ1φ1φ2bθ2φ2jψφ1jφ2φ2j
2
φ1φ2
j2ψ1φ2
+4j2φ1φ1Fθ1φ1φ2bθ2φ2jψφ1jφ2φ2j
6
φ1φ2
jψψ + 3j
2
φ1φ1
Fθ1φ1φ2bθ2φ2j
3
ψφ1
j2φ2φ2j
4
φ1φ2
+3j3φ1φ1Fθ1φ1φ2bθ2φ2jψφ1jφ2φ2j
4
φ1φ2j
2
ψ1φ2 + j
4
φ1φ1Fθ1φ1φ2bθ2φ2j
3
ψφ1j
4
φ2φ2
+2jφ1φ1Fθ1φ1φ2bθ2φ2j
2
ψφ1
j7φ1φ2jψ1φ2 − 6j2φ1φ1Fθ1φ1φ2bθ2φ2j2ψφ1jφ2φ2j5φ1φ2jψ1φ2
−j2φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j6φ1φ2j2ψ1φ2 + 2j3φ1φ1Fθ1φ1φ2bθ2φ2j3ψφ1j2φ2φ2j2φ1φ2
−4j3φ1φ1Fθ1φ1φ2bθ2φ2j2ψφ1jφ2φ2j3φ1φ2jψ1φ2 + 3j4φ1φ1Fψθ1φ1j2φ2φ2bθ2φ2j3φ1φ2jψψ
+j4φ1φ1Fψθ1φ1j
3
φ2φ2bθ2φ2jφ1φ2j
2
ψφ1 + j
2
φ1φ1Fψθ1φ1j
5
φ1φ2bθ2φ2j
2
ψφ1jφ2φ2
−j2φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j6φ1φ2jψψ − j2φ1φ1Fθ1φ1φ2bθ2φ2j3ψφ1j4φ1φ2jφ2φ2
−j3φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j4φ1φ2j2ψ1φ2 + 2j2φ1φ1Fθ1φ1φ2bθ2φ2j2ψφ1j5φ1φ2jψ1φ2
−jφ1φ1Fθ1φ1φ2bθ2φ2j3ψφ1j6φ1φ2jφ2φ2 − j7φ1φ2Fψθ1θ2φ1φ2j2φ1φ1j2ψ1φ2
+6j4φ1φ1Fθ1θ2φ1j
3
φ1φ2
jψ1φ2jφ2φ2jψψ + 2j
2
φ1φ1
Fθ1θ2φ1j
3
ψφ1
j4φ1φ2jφ2φ2
−4j2φ1φ1Fθ1θ2φ1j2ψφ1j5φ1φ2jψ1φ2 − 3j3φ1φ1Fθ1θ2φ1jψφ1j4φ1φ2jφ2φ2jψψ
−j4φ1φ1Fθ1θ2φ1j3ψφ1j3φ2φ2 + 4j3φ1φ1Fψθ2φ2j2φ2φ2bθ1φ1j3φ1φ2j2ψφ1
−8j3φ1φ1Fψθ2φ2jφ2φ2bθ1φ1j4φ1φ2jψ1φ2jψφ1 − 3j5φ1φ1Fθ1φ1φ2jθ2φ2jψφ1jφ2φ2j2ψ1φ2
+8j4φ1φ1Fθ1φ1φ2jθ2φ2j
2
ψφ1
jφ2φ2jψ1φ2jφ1φ2 − 2j5φ1φ1Fθ1φ1φ2jθ2φ2jφ1φ2jψ1φ2jψψjφ2φ2
+j5φ1φ1Fθ1φ1φ2jθ2φ2jψφ1j
2
φ2φ2jψψ + 2j
4
φ1φ1Fθ1φ1φ2jθ2φ2j
3
φ1φ2jψ1φ2jψψ
+j5φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j
3
φ2φ2
j2ψ1φ2 − 3j3φ1φ1Fθ1φ1φ2bθ2φ2j3ψφ1j3φ2φ2j2φ1φ2
−3j3φ1φ1Fθ1φ1φ2jθ2φ2j3ψφ1j2φ1φ2jφ2φ2 − 6j3φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j2φ2φ2j4φ1φ2jψψ
−3j4φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j2φ2φ2j2φ1φ2j2ψ1φ2 − 3j4φ1φ1Fθ1φ1φ2jθ2φ2j2φ1φ2j2ψ1φ2jψφ1
−j5φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j4φ2φ2jψψ − 2j3φ1φ1Fθ1φ1φ2jθ2φ2j2ψφ1jψ1φ2j3φ1φ2
+4j4φ1φ1Fθ1φ1φ2bθ2φ2jψφ1j
3
φ2φ2
jψψj
2
φ1φ2
− 2j4φ1φ1Fθ1φ1φ2bθ2φ2j2ψφ1j3φ2φ2jψ1φ2jφ1φ2
−2j2φ1φ1Fψθ1φ1j6φ1φ2bθ2φ2jψ1φ2jψφ1 + 3j3φ1φ1Fψθ1φ1j4φ1φ2jθ2φ2jψ1φ2jψφ1
+4j3φ1φ1Fψθ1φ1jφ2φ2bθ2φ2j
4
φ1φ2
jψ1φ2jψφ1 + j
5
φ1φ1
Fψθ1φ1j
2
φ2φ2
jθ2φ2jψ1φ2jψφ1
+j5φ1φ1Fψθ1φ1jφ2φ2jθ2φ2j
2
ψ1φ2
jφ1φ2 + 6j
3
φ1φ1
Fθ1φ1φ2bθ2φ2j
2
ψφ1
j2φ2φ2j
3
φ1φ2
jψ1φ2
−jφ1φ1Fθ1φ1φ2bθ2φ2jψφ1j8φ1φ2jψψ)/(j3φ1φ1(−jψψjφ1φ1jφ2φ2 + jψψj2φ1φ2
+j2ψφ1jφ2φ2 + j
2
ψ1φ2
jφ1φ1 − 2jψ1φ2jψφ1jφ1φ2)(jφ2φ2jφ1φ1 − j2φ1φ2)2) (B.1)
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C. Metric components in type IIB after geometric transition
The components of the final type IIB metric (4.76) can be expressed using the IIA
components j¯µν in the following way:
gψψ = 1/
(
j¯ψψ + α¯
(
j¯φ1φ1(b¯
2
ψφ2
− j¯2ψφ2) + j¯φ2φ2(b¯2ψφ1 − j¯2ψφ1)
+2j¯φ1φ2(j¯ψφ1 j¯ψφ2 − b¯ψφ1 b¯ψφ2) + 2b¯φ1φ2(b¯ψφ1 j¯ψφ2 − j¯ψφ1 b¯ψφ2)
))
gψφ1 = α¯(j¯φ1φ2 j¯ψφ2 − j¯φ2φ2 j¯ψφ1 − b¯φ1φ2 b¯ψφ2)/2
gψφ2 = α¯(j¯φ1φ2 j¯ψφ1 − j¯φ1φ1 j¯ψφ2 + b¯φ1φ2 b¯ψφ1)/2
gφ1φ1 =
[
4(j¯φ2φ2 j¯ψψ − j¯2ψφ2 − b¯2ψφ2) + α¯
(
b¯φ1φ2 b¯ψφ2(j¯φ1φ2 j¯ψφ2 − b¯φ1φ2 b¯ψφ2)
−j¯ψφ1 j¯φ2φ2(j¯ψφ1 j¯φ2φ2 + b¯φ1φ2 b¯ψφ2) + j¯φ1φ2 j¯ψφ2(j¯ψφ1 j¯φ2φ2 − j¯φ1φ2 j¯ψφ2)
)]
/4
(
α¯−1j¯ψψ + j¯φ1φ1(b¯
2
ψφ2
− j¯2ψφ2) + j¯φ2φ2(b¯2ψφ1 − j¯2ψφ1)
+2j¯φ1φ2(j¯ψφ1 j¯ψφ2 − b¯ψφ1 b¯ψφ2) + 2b¯φ1φ2(b¯ψφ1 j¯ψφ2 − j¯ψφ1 b¯ψφ2)
)
gφ2φ2 =
[
4(j¯φ1φ1 j¯ψψ − j¯2ψφ1 − b¯2ψφ1) + α¯
(
− b¯φ1φ2 b¯ψφ1(j¯φ1φ2 j¯ψφ1 + b¯φ1φ2 b¯ψφ1)
−j¯ψφ2 j¯φ1φ1(j¯ψφ2 j¯φ1φ1 − b¯φ1φ2 b¯ψφ1) + j¯φ1φ2 j¯ψφ1(j¯ψφ1 j¯φ1φ2 − j¯φ1φ1 j¯ψφ2)
)]
/4
(
α¯−1j¯ψψ + j¯φ1φ1(b¯
2
ψφ2
− j¯2ψφ2) + j¯φ2φ2(b¯2ψφ1 − j¯2ψφ1)
+2j¯φ1φ2(j¯ψφ1 j¯ψφ2 − b¯ψφ1 b¯ψφ2) + 2b¯φ1φ2(b¯ψφ1 j¯ψφ2 − j¯ψφ1 b¯ψφ2)
)
gφ1φ2 =
[
2α¯(b¯ψφ1 b¯ψφ2 + j¯ψψ j¯φ1φ2 − j¯ψφ1 j¯ψφ2) + j¯ψφ2 j¯φ1φ1(j¯ψφ1 j¯φ2φ2 − j¯ψφ2 j¯φ1φ2)
+j¯ψφ1 j¯φ1φ2(j¯ψφ2 j¯φ1φ2 − j¯ψφ1 j¯φ2φ2) + b¯ψφ1 b¯φ1φ2(j¯φ1φ2 j¯ψφ2 − j¯ψφ1 j¯φ2φ2 − b¯ψφ2 b¯φ1φ2)
+b¯ψφ2 b¯φ1φ2(j¯φ1φ1 j¯ψφ2 − j¯ψφ1 j¯φ1φ2)
]
/2
(
α¯−1j¯ψψ + j¯φ1φ1(b¯
2
ψφ2
− j¯2psiφ2)
+j¯φ2φ2(b¯
2
ψφ1
− j¯2ψφ1) + 2j¯φ1φ2(j¯ψφ1 j¯ψφ2 − b¯ψφ1 b¯ψφ2) + 2b¯φ1φ2(b¯ψφ1 j¯ψφ2 − j¯ψφ1 b¯ψφ2)
)
gφ1θ1 = α¯
(
j¯ψφ2(j¯ψφ1 b¯θ1φ2 + b¯ψφ1 j¯θ1φ2 − j¯ψθ1 b¯φ1φ2 − b¯ψθ1 j¯φ1φ2 − j¯ψφ2 b¯θ1φ1)
−b¯ψφ2(j¯ψφ1 j¯θ1φ2 + b¯ψφ1 b¯θ1φ2 − j¯ψθ1 j¯φ1φ2 − b¯ψθ1 b¯φ1φ2 − b¯ψφ2 b¯θ1φ1)
+j¯φ2φ2(b¯ψθ1 j¯ψφ1 − j¯ψθ1 b¯ψφ1 + b¯θ1φ1 j¯ψψ) + j¯ψψ(b¯φ1φ2 j¯θ1φ2 − j¯φ1φ2 b¯θ1φ2)
)
/2
gφ2θ2 = α¯
(
j¯ψφ1(j¯ψφ1 b¯θ2φ1 + b¯ψφ2 j¯θ2φ1 − j¯ψθ2 b¯φ2φ1 − b¯ψθ2 j¯φ2φ1 − j¯ψφ1 b¯θ2φ2)
−b¯ψφ1(j¯ψφ2 j¯θ2φ1 + b¯ψφ2 b¯θ2φ1 − j¯ψθ2 j¯φ2φ1 − b¯ψθ2 b¯φ2φ1 − b¯ψφ1 b¯θ2φ2)
+j¯φ1φ1(b¯ψθ2 j¯ψφ2 − j¯ψθ2 b¯ψφ2 + b¯θ2φ2 j¯ψψ) + j¯ψψ(b¯φ2φ1 j¯θ2φ1 − j¯φ2φ1 b¯θ2φ1)
)
/2
gθ1θ2 = jˆθ1θ1 −
jˆθ1φ1
2
gθ2θ2 = jˆθ2θ2 −
jˆθ2φ2
2
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gθ1θ2 = jˆθ1θ2 −
jˆφ1φ2 jˆθ1φ1 jˆθ2φ2
4jˆφ1φ1 jˆφ2φ2
grr = jˆrr − gφ1φ1g2rφ1 − gφ1φ2g2rφ2 −
jˆrψ
2jˆψψ
grφ1 =
jˆrφ1gφ2φ2 − jˆrφ2gφ1φ2 − jˆrψgφ1φ2gψφ1 + jˆrψgψφ2gφ1φ2
2(gφ1φ1gφ2φ2 − gφ1φ2)
grφ2 =
jˆrφ2gφ1φ1 − jˆrφ1gφ1φ2 − jˆrψgφ1φ2gψφ2 + jˆrψgψφ1gφ1φ2
2(gφ1φ1gφ2φ2 − gφ1φ2)
grψ =
jˆrψ
2jˆψψ
− gψφ1grφ1 − gψφ2grφ2 (C.1)
The jˆi,j components by which we expressed some of the above gµν components can
be expressed in the following way:
jˆrr = −(−j¯rr j¯ψψ b¯2φ1φ2 − 2j¯rψ b¯rφ2 b¯ψφ1 j¯φ1φ2
−2j¯rφ1 j¯ψφ1 b¯rφ2 b¯ψφ2 + 2j¯rφ1 j¯ψφ1 j¯rφ2 j¯ψφ2 + 2b¯rφ1 b¯ψφ1 b¯rφ2 b¯ψφ2 − 2b¯rφ1 b¯ψφ1 j¯rφ2 j¯ψφ2
−2j¯rψ b¯rφ2 j¯ψφ1 b¯φ1φ2 − 2b¯rψ b¯rφ2 b¯ψφ1 b¯φ1φ2 − 2b¯rψ b¯rφ2 j¯ψφ1 j¯φ1φ2 − 2b¯rψ b¯rφ1 j¯φ1φ2 j¯ψφ2
−2b¯rψ j¯rφ1 b¯φ1φ2 j¯ψφ2 + 2j¯rψj¯rφ2 b¯ψφ1 b¯φ1φ2 + 2j¯rψj¯rφ2 j¯ψφ1 j¯φ1φ2 + 2j¯rψb¯rφ1 b¯φ1φ2 j¯ψφ2
+2j¯rψ j¯rφ1 j¯φ1φ2 j¯ψφ2 − 2j¯rψb¯rφ1 j¯φ1φ2 b¯ψφ2 − 2j¯rψ j¯rφ1 b¯φ1φ2 b¯ψφ2 + 2b¯rψ j¯rφ2 b¯ψφ1 j¯φ1φ2
+2b¯rψ j¯rφ2 j¯ψφ1 b¯φ1φ2 + 2b¯rψ b¯rφ1 b¯φ1φ2 b¯ψφ2 + 2b¯rψ j¯rφ1 j¯φ1φ2 b¯ψφ2 − 2b¯rφ1 j¯ψφ1 b¯rφ2 j¯ψφ2
+2b¯rφ1 j¯ψφ1 j¯rφ2 b¯ψφ2 + 2j¯rφ1 b¯ψφ1 b¯rφ2 j¯ψφ2 − 2j¯rφ1 b¯ψφ1 j¯rφ2 b¯ψφ2 + 2b¯rφ2 b¯rφ1 j¯φ1φ2 j¯ψψ
+2j¯rrb¯ψφ2 b¯ψφ1 j¯φ1φ2 + 2j¯rrb¯ψφ2 j¯ψφ1 b¯φ1φ2 − 2j¯rr j¯ψφ2 b¯ψφ1 b¯φ1φ2 − 2j¯rr j¯ψφ2 j¯ψφ1 j¯φ1φ2
+2b¯rφ2 j¯rφ1 b¯φ1φ2 j¯ψψ − 2j¯rφ2 b¯rφ1 b¯φ1φ2 j¯ψψ − 2j¯rφ2 j¯rφ1 j¯φ1φ2 j¯ψψ + 2j¯φ2φ2 b¯rψ b¯rφ1 j¯ψφ1
−2j¯φ2φ2 b¯rψ j¯rφ1 b¯ψφ1 + 2j¯φ2φ2 j¯rψ b¯rφ1 b¯ψφ1 − j¯φ1φ1 j¯φ2φ2 j¯rr j¯ψψ + 2j¯φ1φ1 b¯rψ b¯rφ2 j¯ψφ2
−2j¯φ1φ1 b¯rψ j¯rφ2 b¯ψφ2 − 2j¯φ1φ1 j¯rψ j¯rφ2 j¯ψφ2 + 2j¯φ1φ1 j¯rψb¯rφ2 b¯ψφ2 + b¯2rφ1 j¯2ψφ2
−b¯2rφ1 b¯2ψφ2 + j¯2rφ1 b¯2ψφ2 + b¯2rψ j¯2φ1φ2 − b¯2rψ b¯2φ1φ2
−j¯2rφ2 j¯2ψφ1 + j¯2rφ2 b¯2ψφ1 + b¯2rφ2 j¯2ψφ1 − j¯2rψ j¯2φ1φ2
+j¯2rψ b¯
2
φ1φ2
− b¯2rφ2 b¯2ψφ1 + j¯rr j¯ψψ j¯2φ1φ2 + j¯φ2φ2 j¯rr j¯2ψφ1
+j¯φ2φ2 j¯
2
rφ1
j¯ψψ − j¯φ2φ2 j¯rrb¯2ψφ1 − j¯φ2φ2 b¯2rφ1 j¯ψψ − j¯2rφ1 j¯2ψφ2
−2j¯φ2φ2 j¯rψ j¯rφ1 j¯ψφ1 + j¯φ1φ1 j¯φ2φ2 j¯2rψ − j¯φ1φ1 j¯φ2φ2 b¯2rψ + j¯φ1φ1 j¯rr j¯2ψφ2
−j¯φ1φ1 j¯rr b¯2ψφ2 + j¯φ1φ1 j¯2rφ2 j¯ψψ − j¯φ1φ1 b¯2rφ2 j¯ψψ)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆrψ = −(j¯φ1φ1 b¯rψ j¯φ2φ2 + b¯rψ b¯2φ1φ2 − b¯rψ j¯2φ1φ2
−b¯rφ1 j¯ψφ1 j¯φ2φ2 + j¯rφ1 b¯ψφ1 j¯φ2φ2 − b¯rφ2 j¯φ1φ1 j¯ψφ2 + b¯rφ2 b¯ψφ1 b¯φ1φ2
+b¯rφ2 j¯ψφ1 j¯φ1φ2 + b¯rφ1 j¯φ1φ2 j¯ψφ2 + j¯rφ1 b¯φ1φ2 j¯ψφ2 + j¯rφ2 j¯φ1φ1 b¯ψφ2
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−j¯rφ2 b¯ψφ1 j¯φ1φ2 − j¯rφ2 j¯ψφ1 b¯φ1φ2 − b¯rφ1 b¯φ1φ2 b¯ψφ2 − j¯rφ1 j¯φ1φ2 b¯ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2 − j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆrθ1 = −(−j¯φ2φ2 b¯rψ b¯ψφ1 j¯θ1φ1 + j¯φ2φ2 j¯rθ1 j¯2ψφ1
+j¯rψ j¯ψθ1 b¯
2
φ1φ2
+ j¯φ1φ1 j¯rψ b¯ψφ2 b¯θ1φ2 − j¯φ1φ1 b¯rφ2 j¯ψφ2 b¯θ1φ1 − j¯φ1φ1 j¯rφ2 j¯ψφ2 j¯ψθ1
+j¯φ1φ1 j¯φ2φ2 b¯rψ b¯θ1φ1 − j¯φ1φ1 j¯φ2φ2 j¯rθ1 j¯ψψ + j¯φ1φ1 j¯φ2φ2 j¯rψ j¯ψθ1 + j¯φ1φ1 j¯rφ2 j¯θ1φ2 j¯ψψ
+j¯φ1φ1 b¯rφ2 b¯ψφ2 j¯ψθ1 + j¯φ1φ1 j¯rφ2 b¯ψφ2 b¯θ1φ1 − j¯φ1φ1 b¯rφ2 b¯θ1φ2 j¯ψψ − j¯φ1φ1 j¯rψ j¯ψφ2 j¯θ1φ2
+j¯φ1φ1 b¯rψ j¯ψφ2 b¯θ1φ2 − j¯φ1φ1 b¯rψ b¯ψφ2 j¯θ1φ2 + j¯φ1φ1 j¯rθ1 j¯2ψφ2 − b¯rφ2 b¯θ1φ2 b¯2ψφ1
+b¯rφ2 b¯θ1φ2 j¯
2
ψφ1
+ b¯rφ2 j¯ψφ2 b¯ψφ1 j¯θ1φ1 − b¯rφ2 j¯ψφ2 j¯ψφ1 b¯θ1φ1 + b¯rφ2 b¯ψφ1 b¯φ1φ2 b¯θ1φ1
+b¯rφ1 b¯ψφ1 b¯ψφ2 b¯θ1φ2 − b¯rψ j¯ψφ2 b¯θ1φ1 j¯φ1φ2 − b¯rψj¯ψφ2 j¯θ1φ1 b¯φ1φ2 − b¯rψ b¯ψφ1 b¯φ1φ2 b¯θ1φ2
−b¯rψ j¯ψφ1 j¯φ1φ2 b¯θ1φ2 + b¯rφ2 j¯ψφ1 j¯φ1φ2 b¯θ1φ1 − b¯rφ1 b¯ψφ1 j¯ψφ2 j¯θ1φ2 − b¯rφ1 j¯φ1φ2 b¯ψφ2 j¯ψθ1
−j¯rφ1 b¯φ1φ2 b¯ψφ2 j¯ψθ1 + b¯rφ2 b¯ψφ2 b¯ψφ1 b¯θ1φ1 + 2j¯rθ1 b¯ψφ2 b¯ψφ1 j¯φ1φ2 + j¯rψj¯ψφ2 b¯θ1φ1 b¯φ1φ2
+b¯rψ b¯ψφ2 b¯θ1φ1 b¯φ1φ2 + b¯rψ b¯ψφ2 j¯θ1φ1 j¯φ1φ2 + b¯rψ b¯ψφ1 j¯φ1φ2 j¯θ1φ2 + b¯rψ j¯ψφ1 b¯φ1φ2 j¯θ1φ2
+2j¯rθ1 b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯φ2φ2 b¯rφ1 b¯θ1φ1 j¯ψψ + j¯φ2φ2 b¯rψ j¯ψφ1 b¯θ1φ1 − j¯φ2φ2 j¯rφ1 j¯ψφ1 j¯ψθ1
+j¯φ2φ2 j¯rφ1 j¯θ1φ1 j¯ψψ + j¯φ2φ2 j¯rφ1 b¯ψφ1 b¯θ1φ1 + j¯φ2φ2 b¯rφ1 b¯ψφ1 j¯ψθ1 − j¯φ2φ2 j¯rψ j¯ψφ1 j¯θ1φ1
+j¯φ2φ2 j¯rψ b¯ψφ1 b¯θ1φ1 − b¯rφ1 b¯φ1φ2 j¯θ1φ2 j¯ψψ − j¯rφ1 j¯φ1φ2 j¯θ1φ2 j¯ψψ + b¯rφ2 b¯θ1φ1 j¯φ1φ2 j¯ψψ
+b¯rφ2 j¯θ1φ1 b¯φ1φ2 j¯ψψ + b¯rφ1 j¯φ1φ2 b¯θ1φ2 j¯ψψ − b¯rφ1 b¯θ1φ1 b¯2ψφ2 + j¯rφ2 j¯θ1φ2 b¯2ψφ1
−j¯rφ2 j¯θ1φ2 j¯2ψφ1 + b¯rφ1 b¯θ1φ1 j¯2ψφ2 + j¯rφ1 j¯θ1φ1 b¯2ψφ2 − j¯rφ1 j¯θ1φ1 j¯2ψφ2
−j¯rθ1 j¯ψψ b¯2φ1φ2 + b¯rψ b¯θ1φ1 b¯2φ1φ2 − b¯rψ b¯θ1φ1 j¯2φ1φ2 + j¯rθ1 j¯ψψ j¯2φ1φ2
−j¯rψ j¯ψθ1 j¯2φ1φ2 − j¯rφ2 j¯ψφ2 b¯ψφ1 b¯θ1φ1 + j¯rφ2 j¯ψφ2 j¯ψφ1 j¯θ1φ1 + j¯rφ2 b¯ψφ1 b¯φ1φ2 j¯ψθ1
+j¯rφ2 j¯ψφ1 j¯φ1φ2 j¯ψθ1 + j¯rφ1 b¯φ1φ2 j¯ψφ2 b¯θ1φ1 − 2j¯rθ1 j¯ψφ2 b¯ψφ1 b¯φ1φ2 − 2j¯rθ1 j¯ψφ2 j¯ψφ1 j¯φ1φ2
+j¯rφ1 b¯φ1φ2 b¯θ1φ2 j¯ψψ − j¯rφ2 b¯ψφ2 b¯ψφ1 j¯θ1φ1 + j¯rφ2 b¯ψφ2 j¯ψφ1 b¯θ1φ1 − j¯rφ2 b¯ψφ1 j¯φ1φ2 b¯θ1φ1
+j¯rψ j¯ψφ2 j¯θ1φ1 j¯φ1φ2 + j¯rψ b¯ψφ1 b¯φ1φ2 j¯θ1φ2 + j¯rψ j¯ψφ1 j¯φ1φ2 j¯θ1φ2 − j¯rψ b¯ψφ1 j¯φ1φ2 b¯θ1φ2
−j¯rψ j¯ψφ1 b¯φ1φ2 b¯θ1φ2 + b¯rφ1 j¯ψφ1 b¯ψφ2 j¯θ1φ2 − b¯rφ1 j¯ψφ1 j¯ψφ2 b¯θ1φ2 − j¯rψ b¯ψφ2 b¯θ1φ1 j¯φ1φ2
−j¯rψ b¯ψφ2 j¯θ1φ1 b¯φ1φ2 − j¯rφ2 j¯ψφ1 b¯φ1φ2 b¯θ1φ1 − b¯rφ1 b¯φ1φ2 b¯ψφ2 b¯θ1φ1 − j¯rφ1 j¯φ1φ2 b¯ψφ2 b¯θ1φ1
−j¯rφ2 b¯θ1φ1 b¯φ1φ2 j¯ψψ − j¯rφ2 j¯θ1φ1 j¯φ1φ2 j¯ψψ + b¯rφ1 b¯φ1φ2 j¯ψφ2 j¯ψθ1 + j¯rφ1 j¯φ1φ2 j¯ψφ2 j¯ψθ1
−j¯rφ1 j¯ψφ1 b¯ψφ2 b¯θ1φ2 + j¯rφ1 j¯ψφ1 j¯ψφ2 j¯θ1φ2 − j¯rφ1 b¯ψφ1 b¯ψφ2 j¯θ1φ2 + j¯rφ1 b¯ψφ1 j¯ψφ2 b¯θ1φ2
−b¯rφ2 b¯ψφ2 j¯ψφ1 j¯θ1φ1 − b¯rφ2 b¯ψφ1 j¯φ1φ2 j¯ψθ1 − b¯rφ2 j¯ψφ1 b¯φ1φ2 j¯ψθ1 + b¯rφ1 j¯φ1φ2 j¯ψφ2 b¯θ1φ1
−j¯φ2φ2 b¯rφ1 j¯ψφ1 b¯θ1φ1 − j¯φ2φ2 j¯rθ1 b¯2ψφ1 − j¯φ1φ1 j¯rθ1 b¯2ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆrθ2 = −(−j¯rθ2 j¯ψψ b¯2φ1φ2 − j¯φ2φ2 j¯rθ2 b¯2ψφ1
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+j¯φ2φ2 j¯rθ2 j¯
2
ψφ1
+ j¯φ1φ1 j¯φ2φ2 b¯rψb¯ψθ2 − j¯φ1φ1 j¯φ2φ2 j¯rθ2 j¯ψψ + j¯φ1φ1 j¯φ2φ2 j¯rψ j¯ψθ2
+j¯φ1φ1 j¯rφ2 b¯ψφ2 b¯ψθ2 − j¯φ1φ1 b¯rφ2 j¯ψφ2 b¯ψθ2 + j¯φ1φ1 b¯rφ2 b¯ψφ2 j¯ψθ2 − j¯φ1φ1 b¯rψ b¯ψφ2 j¯θ2φ2
−j¯φ1φ1 j¯rψ j¯ψφ2 j¯θ2φ2 + j¯φ1φ1 b¯rψ j¯ψφ2 b¯θ2φ2 − j¯φ1φ1 j¯rφ2 j¯ψφ2 j¯ψθ2 + j¯φ1φ1 j¯rψ b¯ψφ2 b¯θ2φ2
−j¯φ1φ1 b¯rφ2 b¯θ2φ2 j¯ψψ + j¯φ1φ1 j¯rφ2 j¯θ2φ2 j¯ψψ + b¯rφ1 j¯ψφ1 b¯ψφ2 j¯θ2φ2 − b¯rφ1 j¯ψφ1 j¯ψφ2 b¯θ2φ2
−j¯rφ1 b¯ψφ1 b¯ψφ2 j¯θ2φ2 + b¯rφ2 b¯θ2φ1 j¯φ1φ2 j¯ψψ + b¯rφ2 j¯θ2φ1 b¯φ1φ2 j¯ψψ − j¯rφ2 j¯ψφ1 b¯φ1φ2 b¯ψθ2
+b¯rφ2 j¯ψφ1 j¯φ1φ2 b¯ψθ2 + b¯rφ1 j¯φ1φ2 j¯ψφ2 b¯ψθ2 − b¯rφ1 j¯φ1φ2 b¯ψφ2 j¯ψθ2 − j¯rφ2 j¯θ2φ1 j¯φ1φ2 j¯ψψ
−j¯rφ1 b¯φ1φ2 b¯ψφ2 j¯ψθ2 − b¯rφ2 j¯ψφ1 b¯φ1φ2 j¯ψθ2 + 2j¯rθ2 b¯ψφ2 b¯ψφ1 j¯φ1φ2 − b¯rφ1 b¯φ1φ2 b¯ψφ2 b¯ψθ2
−j¯rψ b¯ψφ2 j¯θ2φ1 b¯φ1φ2 − j¯rφ1 j¯φ1φ2 b¯ψφ2 b¯ψθ2 − j¯rψ b¯ψφ2 b¯θ2φ1 j¯φ1φ2 + b¯rφ1 b¯ψφ1 b¯ψφ2 b¯θ2φ2
−b¯rφ1 b¯ψφ1 j¯ψφ2 j¯θ2φ2 + j¯rφ1 j¯φ1φ2 j¯ψφ2 j¯ψθ2 + b¯rφ2 b¯ψφ1 b¯φ1φ2 b¯ψθ2 + b¯rψ b¯ψφ2 b¯θ2φ1 b¯φ1φ2
+b¯rψ b¯ψφ2 j¯θ2φ1 j¯φ1φ2 + b¯rψ b¯ψφ1 j¯φ1φ2 j¯θ2φ2 + b¯rψ j¯ψφ1 b¯φ1φ2 j¯θ2φ2 + j¯rφ1 b¯φ1φ2 j¯ψφ2 b¯ψθ2
+b¯rφ1 j¯φ1φ2 b¯θ2φ2 j¯ψψ − j¯rψ b¯ψφ1 j¯φ1φ2 b¯θ2φ2 − j¯rψ j¯ψφ1 b¯φ1φ2 b¯θ2φ2 + j¯rψ j¯ψφ2 b¯θ2φ1 b¯φ1φ2
+j¯rψ j¯ψφ2 j¯θ2φ1 j¯φ1φ2 + j¯rψ b¯ψφ1 b¯φ1φ2 j¯θ2φ2 + j¯rψ j¯ψφ1 j¯φ1φ2 j¯θ2φ2 − j¯φ1φ1 j¯rθ2 b¯2ψφ2
+j¯φ1φ1 j¯rθ2 j¯
2
ψφ2
− b¯rψ j¯ψφ2 b¯θ2φ1 j¯φ1φ2 − b¯rψj¯ψφ2 j¯θ2φ1 b¯φ1φ2 − b¯rψ b¯ψφ1 b¯φ1φ2 b¯θ2φ2
−b¯rψ j¯ψφ1 j¯φ1φ2 b¯θ2φ2 + j¯rφ1 b¯φ1φ2 b¯θ2φ2 j¯ψψ + 2j¯rθ2 b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯rφ1 j¯ψφ1 b¯ψφ2 b¯θ2φ2
+j¯rφ1 j¯ψφ1 j¯ψφ2 j¯θ2φ2 + b¯rφ2 b¯ψφ2 b¯ψφ1 b¯θ2φ1 − b¯rφ2 b¯ψφ2 j¯ψφ1 j¯θ2φ1 − b¯rφ2 b¯ψφ1 j¯φ1φ2 j¯ψθ2
−2j¯rθ2 j¯ψφ2 b¯ψφ1 b¯φ1φ2 − 2j¯rθ2 j¯ψφ2 j¯ψφ1 j¯φ1φ2 − j¯rφ2 b¯θ2φ1 b¯φ1φ2 j¯ψψ + j¯rφ1 b¯ψφ1 j¯ψφ2 b¯θ2φ2
+b¯rφ2 j¯ψφ2 b¯ψφ1 j¯θ2φ1 + j¯rφ2 j¯ψφ1 j¯φ1φ2 j¯ψθ2 − b¯rφ1 b¯φ1φ2 j¯θ2φ2 j¯ψψ − j¯rφ1 j¯φ1φ2 j¯θ2φ2 j¯ψψ
−j¯rφ2 b¯ψφ2 b¯ψφ1 j¯θ2φ1 + j¯rφ2 b¯ψφ2 j¯ψφ1 b¯θ2φ1 − j¯rφ2 b¯ψφ1 j¯φ1φ2 b¯ψθ2 + b¯rφ1 b¯φ1φ2 j¯ψφ2 j¯ψθ2
−b¯rφ2 j¯ψφ2 j¯ψφ1 b¯θ2φ1 − j¯rφ2 j¯ψφ2 b¯ψφ1 b¯θ2φ1 + j¯rφ2 j¯ψφ2 j¯ψφ1 j¯θ2φ1 − j¯rψj¯ψθ2 j¯2φ1φ2
+b¯rψ b¯ψθ2 b¯
2
φ1φ2
+ j¯rψ j¯ψθ2 b¯
2
φ1φ2
− b¯rφ1 b¯θ2φ1 b¯2ψφ2 + b¯rφ1 b¯θ2φ1 j¯2ψφ2
−b¯rψ b¯ψθ2 j¯2φ1φ2 − b¯rφ2 b¯θ2φ2 b¯2ψφ1 + b¯rφ2 b¯θ2φ2 j¯2ψφ1 + j¯rφ1 j¯θ2φ1 b¯2ψφ2
−j¯rφ1 j¯θ2φ1 j¯2ψφ2 + j¯rφ2 j¯θ2φ2 b¯2ψφ1 − j¯rφ2 j¯θ2φ2 j¯2ψφ1 + j¯rθ2 j¯ψψ j¯2φ1φ2
+j¯rφ2 b¯ψφ1 b¯φ1φ2 j¯ψθ2 + j¯φ2φ2 j¯rφ1 j¯θ2φ1 j¯ψψ − j¯φ2φ2 b¯rψ b¯ψφ1 j¯θ2φ1 − j¯φ2φ2 j¯rφ1 j¯ψφ1 j¯ψθ2
+j¯φ2φ2 b¯rψ j¯ψφ1 b¯θ2φ1 + j¯φ2φ2 j¯rψ b¯ψφ1 b¯θ2φ1 − j¯φ2φ2 b¯rφ1 j¯ψφ1 b¯ψθ2 − j¯φ2φ2 b¯rφ1 b¯θ2φ1 j¯ψψ
−j¯φ2φ2 j¯rψ j¯ψφ1 j¯θ2φ1 + j¯φ2φ2 j¯rφ1 b¯ψφ1 b¯ψθ2 + j¯φ2φ2 b¯rφ1 b¯ψφ1 j¯ψθ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆrφ1 = (−j¯φ2φ2 b¯rφ1 j¯ψψ + j¯φ2φ2 j¯rψb¯ψφ1 + j¯φ2φ2 b¯rψ j¯ψφ1
−b¯rψ j¯φ1φ2 j¯ψφ2 + j¯rφ2 b¯ψφ2 j¯ψφ1 + j¯rψ b¯φ1φ2 j¯ψφ2 − j¯rψ j¯φ1φ2 b¯ψφ2
+b¯rφ2 b¯ψφ2 b¯ψφ1 − j¯rφ2 j¯ψφ2 b¯ψφ1 − b¯φ1φ2 j¯rφ2 j¯ψψ + b¯rφ1 j¯2ψφ2
−b¯rφ1 b¯2ψφ2 − b¯rφ2 j¯ψφ2 j¯ψφ1 + j¯φ1φ2 b¯rφ2 j¯ψψ + b¯rψ b¯φ1φ2 b¯ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2 − j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
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+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆrφ2 = −(−j¯φ1φ1 b¯rψ j¯ψφ2 − j¯φ1φ1 j¯rψ b¯ψφ2
+j¯φ1φ1 b¯rφ2 j¯ψψ + b¯rψ j¯ψφ1 j¯φ1φ2 + b¯rφ2 b¯
2
ψφ1
+ b¯rψb¯ψφ1 b¯φ1φ2
−j¯rφ1 b¯ψφ1 j¯ψφ2 + b¯rφ1 j¯ψφ1 j¯ψφ2 − b¯rφ1 j¯φ1φ2 j¯ψψ + j¯rψ b¯ψφ1 j¯φ1φ2
−b¯rφ2 j¯2ψφ1 − j¯rφ1 b¯φ1φ2 j¯ψψ + j¯rψ j¯ψφ1 b¯φ1φ2 − b¯rφ1 b¯ψφ1 b¯ψφ2
+j¯rφ1 j¯ψφ1 b¯ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2
−j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2
−j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆψψ = (j¯φ1φ1 j¯φ2φ2 + b¯
2
φ1φ2 − j¯2φ1φ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆψθ1 = (b¯θ1φ1 j¯φ1φ1 j¯φ2φ2 + b¯θ1φ1 b¯
2
φ1φ2
− b¯θ1φ1 j¯2φ1φ2 − b¯ψφ1 j¯θ1φ1 j¯φ2φ2
+j¯ψφ1 b¯θ1φ1 j¯φ2φ2 − b¯ψφ2 j¯φ1φ1 j¯θ1φ2 + b¯ψφ2 b¯θ1φ1 b¯φ1φ2 + b¯ψφ2 j¯θ1φ1 j¯φ1φ2
+b¯ψφ1 j¯φ1φ2 j¯θ1φ2 + j¯ψφ1 b¯φ1φ2 j¯θ1φ2 + j¯ψφ2 j¯φ1φ1 b¯θ1φ2 − j¯ψφ2 b¯θ1φ1 j¯φ1φ2
−j¯ψφ2 j¯θ1φ1 b¯φ1φ2 − b¯ψφ1 b¯φ1φ2 b¯θ1φ2 − j¯ψφ1 j¯φ1φ2 b¯θ1φ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆψθ2 = (b¯ψθ2 j¯φ1φ1 j¯φ2φ2 + b¯ψθ2 b¯
2
φ1φ2
− b¯ψθ2 j¯2φ1φ2 − b¯ψφ1 j¯θ2φ1 j¯φ2φ2
+j¯ψφ1 b¯θ2φ1 j¯φ2φ2 − b¯ψφ2 j¯φ1φ1 j¯θ2φ2 + b¯ψφ2 b¯θ2φ1 b¯φ1φ2 + b¯ψφ2 j¯θ2φ1 j¯φ1φ2
+b¯ψφ1 j¯φ1φ2 j¯θ2φ2 + j¯ψφ1 b¯φ1φ2 j¯θ2φ2 + j¯ψφ2 j¯φ1φ1 b¯θ2φ2 − j¯ψφ2 b¯θ2φ1 j¯φ1φ2
−j¯ψφ2 j¯θ2φ1 b¯φ1φ2 − b¯ψφ1 b¯φ1φ2 b¯θ2φ2 − j¯ψφ1 j¯φ1φ2 b¯θ2φ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆψφ1 = −(j¯ψφ1 j¯φ2φ2 + b¯φ1φ2 b¯ψφ2 − j¯φ1φ2 j¯ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆψφ2 = (−j¯ψφ2 j¯φ1φ1 + b¯ψφ1 b¯φ1φ2 + j¯ψφ1 j¯φ1φ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
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jˆθ1θ1 = (−j¯φ2φ2 j¯θ1θ1 j¯2ψφ1 − j¯θ1θ1 j¯ψψ j¯2φ1φ2 − j¯φ1φ1 j¯φ2φ2 j¯2ψθ1
+j¯φ2φ2 b¯
2
θ1φ1 j¯ψψ − 2b¯ψφ1 b¯θ1φ1 b¯ψφ2 b¯θ1φ2 + 2b¯θ1φ1 b¯ψφ2 b¯θ1φ1 b¯φ1φ2 + 2b¯θ1φ1 b¯ψφ2 j¯θ1φ1 j¯φ1φ2
+2b¯θ1φ1 b¯ψφ1 j¯φ1φ2 j¯θ1φ2 + 2b¯θ1φ1 j¯ψφ1 b¯φ1φ2 j¯θ1φ2 − 2b¯θ1φ1 j¯ψφ2 b¯θ1φ1 j¯φ1φ2 − 2b¯θ1φ1 j¯ψφ2 j¯θ1φ1 b¯φ1φ2
+2b¯ψφ1 j¯θ1φ1 b¯ψφ2 j¯θ1φ2 − 2b¯ψφ1 j¯θ1φ1 j¯ψφ2 b¯θ1φ2 − 2j¯ψφ1 b¯θ1φ1 b¯ψφ2 j¯θ1φ2 + 2j¯ψφ1 b¯θ1φ1 j¯ψφ2 b¯θ1φ2
+2b¯ψφ1 b¯θ1φ1 j¯ψφ2 j¯θ1φ2 + 2j¯ψφ1 j¯θ1φ1 b¯ψφ2 b¯θ1φ2 − 2j¯ψφ1 j¯θ1φ1 j¯ψφ2 j¯θ1φ2 + 2j¯ψθ1 b¯ψφ2 j¯θ1φ1 b¯φ1φ2
−2j¯ψθ1 j¯ψφ2 j¯θ1φ1 j¯φ1φ2 + 2j¯ψθ1 j¯ψφ1 b¯φ1φ2 b¯θ1φ2 + 2j¯ψθ1 b¯ψφ1 j¯φ1φ2 b¯θ1φ2 + b¯2θ1φ1 b¯2φ1φ2
+2j¯ψθ1 b¯ψφ2 b¯θ1φ1 j¯φ1φ2 − 2j¯ψθ1 j¯ψφ2 b¯θ1φ1 b¯φ1φ2 − 2j¯ψθ1 b¯ψφ1 b¯φ1φ2 j¯θ1φ2 − 2j¯ψθ1 j¯ψφ1 j¯φ1φ2 j¯θ1φ2
−2b¯θ1φ1 b¯ψφ1 b¯φ1φ2 b¯θ1φ2 − 2b¯θ1φ1 j¯ψφ1 j¯φ1φ2 b¯θ1φ2 − 2j¯θ1θ1 b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2j¯θ1θ1 b¯ψφ2 j¯ψφ1 b¯φ1φ2
+2j¯θ1θ1 j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯θ1θ1 j¯ψφ2 j¯ψφ1 j¯φ1φ2 − 2b¯θ1φ2 b¯θ1φ1 j¯φ1φ2 j¯ψψ − 2b¯θ1φ2 j¯θ1φ1 b¯φ1φ2 j¯ψψ
+2j¯θ1φ2 b¯θ1φ1 b¯φ1φ2 j¯ψψ + 2j¯θ1φ2 j¯θ1φ1 j¯φ1φ2 j¯ψψ − 2j¯φ2φ2 b¯θ1φ1 b¯ψφ1 j¯θ1φ1 + 2j¯φ2φ2 j¯ψθ1 j¯ψφ1 j¯θ1φ1
+2j¯φ2φ2 b¯θ1φ1 j¯ψφ1 b¯θ1φ1 − 2j¯φ2φ2 j¯ψθ1 b¯ψφ1 b¯θ1φ1 + j¯φ1φ1 j¯φ2φ2 j¯θ1θ1 j¯ψψ − 2j¯φ1φ1 j¯ψθ1 b¯ψφ2 b¯θ1φ2
+2j¯φ1φ1 j¯ψθ1 j¯ψφ2 j¯θ1φ2 − 2j¯φ1φ1 b¯θ1φ1 b¯ψφ2 j¯θ1φ2 + 2j¯φ1φ1 b¯θ1φ1 j¯ψφ2 b¯θ1φ2 − b¯2θ1φ1 j¯2φ1φ2
−j¯2ψθ1 b¯2φ1φ2 + j¯2ψθ1 j¯2φ1φ2 − j¯2θ1φ1 b¯2ψφ2 + j¯2θ1φ1 j¯2ψφ2
+b¯2θ1φ2 b¯
2
ψφ1 − b¯2θ1φ2 j¯2ψφ1 − j¯2θ1φ2 b¯2ψφ1 + j¯2θ1φ2 j¯2ψφ1
+b¯2θ1φ1 b¯
2
ψφ2 − b¯2θ1φ1 j¯2ψφ2 + j¯θ1θ1 j¯ψψ b¯2φ1φ2 − j¯φ2φ2 j¯2θ1φ1 j¯ψψ
+j¯φ2φ2 j¯θ1θ1 b¯
2
ψφ1
+ j¯φ1φ1 j¯φ2φ2 b¯
2
θ1φ1
+ j¯φ1φ1 b¯
2
θ1φ2
j¯ψψ − j¯φ1φ1 j¯2θ1φ2 j¯ψψ
+j¯φ1φ1 j¯θ1θ1 b¯
2
ψφ2
− j¯φ1φ1 j¯θ1θ1 j¯2ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2 − j¯ψψ j¯2φ1φ2
+b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2
−2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆθ1θ2 = (−b¯ψφ1 b¯φ1φ2 b¯θ1φ2 b¯ψθ2 − j¯ψφ2 b¯θ1φ2 b¯ψφ1 j¯θ2φ1 + j¯ψθ1 b¯ψφ2 b¯θ2φ1 j¯φ1φ2
−2j¯θ1θ2 b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2j¯θ1θ2 b¯ψφ2 j¯ψφ1 b¯φ1φ2 + 2j¯θ1θ2 j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯θ1θ2 j¯ψφ2 j¯ψφ1 j¯φ1φ2
−b¯ψφ1 b¯θ1φ1 b¯ψφ2 b¯θ2φ2 + b¯ψφ1 b¯θ1φ1 j¯ψφ2 j¯θ2φ2 − j¯ψφ1 j¯φ1φ2 b¯θ1φ2 b¯ψθ2 + b¯ψφ1 j¯θ1φ1 b¯ψφ2 j¯θ2φ2
−b¯ψφ1 j¯θ1φ1 j¯ψφ2 b¯θ2φ2 − b¯θ1φ1 j¯ψφ2 b¯θ2φ1 j¯φ1φ2 − b¯θ1φ1 j¯ψφ2 j¯θ2φ1 b¯φ1φ2 + j¯θ1θ2 j¯ψψ b¯2φ1φ2
+b¯θ1φ2 b¯θ2φ2 b¯
2
ψφ1 − b¯θ1φ2 b¯θ2φ2 j¯2ψφ1 − j¯θ1φ2 j¯θ2φ2 b¯2ψφ1 + j¯θ1φ2 j¯θ2φ2 j¯2ψφ1
−j¯θ1θ2 j¯ψψ j¯2φ1φ2 − b¯θ1φ1 b¯θ2φ1 j¯2ψφ2 + b¯θ1φ1 b¯ψθ2 b¯2φ1φ2 − b¯θ1φ1 b¯ψθ2 j¯2φ1φ2
+b¯θ1φ1 b¯θ2φ1 b¯
2
ψφ2
+ j¯φ1φ1 j¯θ1θ2 b¯
2
ψφ2
− j¯φ1φ1 j¯θ1θ2 j¯2ψφ2 + j¯ψφ2 b¯θ1φ2 j¯ψφ1 b¯θ2φ1
−j¯ψφ2 b¯θ1φ1 j¯φ1φ2 b¯ψθ2 + b¯ψφ2 j¯θ1φ2 b¯ψφ1 j¯θ2φ1 − b¯ψφ2 j¯θ1φ2 j¯ψφ1 b¯θ2φ1 + b¯ψφ1 j¯φ1φ2 j¯θ1φ2 b¯ψθ2
+j¯ψφ1 b¯φ1φ2 j¯θ1φ2 b¯ψθ2 + b¯ψφ2 b¯θ1φ1 b¯φ1φ2 b¯ψθ2 − b¯θ1φ1 j¯φ1φ2 b¯θ2φ2 j¯ψψ − j¯θ1φ1 b¯φ1φ2 b¯θ2φ2 j¯ψψ
+j¯φ2φ2 j¯ψφ1 j¯θ1φ1 j¯ψθ2 − j¯φ2φ2 j¯ψθ1 b¯ψφ1 b¯θ2φ1 − j¯φ2φ2 b¯θ1φ1 b¯ψφ1 j¯θ2φ1 + j¯φ2φ2 b¯θ1φ1 b¯θ2φ1 j¯ψψ
−j¯φ2φ2 j¯θ1φ1 j¯θ2φ1 j¯ψψ − j¯φ2φ2 b¯ψφ1 b¯θ1φ1 j¯ψθ2 + j¯φ2φ2 b¯θ1φ1 j¯ψφ1 b¯θ2φ1 + j¯φ2φ2 j¯ψθ1 j¯ψφ1 j¯θ2φ1
−j¯φ2φ2 b¯ψφ1 j¯θ1φ1 b¯ψθ2 + j¯φ2φ2 j¯ψφ1 b¯θ1φ1 b¯ψθ2 − b¯θ1φ1 b¯ψφ1 b¯φ1φ2 b¯θ2φ2 − b¯θ1φ1 j¯ψφ1 j¯φ1φ2 b¯θ2φ2
−j¯ψθ1 j¯ψθ2 b¯2φ1φ2 + j¯ψθ1 j¯ψθ2 j¯2φ1φ2 − j¯θ1φ1 j¯θ2φ1 b¯2ψφ2 + j¯θ1φ1 j¯θ2φ1 j¯2ψφ2
−j¯φ2φ2 j¯θ1θ2 j¯2ψφ1 + j¯φ2φ2 j¯θ1θ2 b¯2ψφ1 + b¯θ1φ1 b¯ψφ2 b¯θ2φ1 b¯φ1φ2 + b¯θ1φ1 b¯ψφ2 j¯θ2φ1 j¯φ1φ2
+b¯θ1φ1 b¯ψφ1 j¯φ1φ2 j¯θ2φ2 + b¯θ1φ1 j¯ψφ1 b¯φ1φ2 j¯θ2φ2 − j¯ψφ1 b¯θ1φ1 b¯ψφ2 j¯θ2φ2 + j¯ψφ1 b¯θ1φ1 j¯ψφ2 b¯θ2φ2
– 86 –
+j¯ψθ1 b¯ψφ2 j¯θ2φ1 b¯φ1φ2 + j¯ψθ1 b¯ψφ1 j¯φ1φ2 b¯θ2φ2 + j¯ψθ1 j¯ψφ1 b¯φ1φ2 b¯θ2φ2 − j¯ψθ1 j¯ψφ2 b¯θ2φ1 b¯φ1φ2
−j¯ψθ1 j¯ψφ2 j¯θ2φ1 j¯φ1φ2 − j¯ψθ1 b¯ψφ1 b¯φ1φ2 j¯θ2φ2 − j¯ψθ1 j¯ψφ1 j¯φ1φ2 j¯θ2φ2 + b¯ψφ2 b¯θ1φ1 j¯φ1φ2 j¯ψθ2
+b¯ψφ2 j¯θ1φ1 b¯φ1φ2 j¯ψθ2 + j¯ψφ1 j¯θ1φ1 b¯ψφ2 b¯θ2φ2 − j¯ψφ1 j¯θ1φ1 j¯ψφ2 j¯θ2φ2 − b¯ψφ2 b¯θ1φ2 b¯ψφ1 b¯θ2φ1
+b¯ψφ2 b¯θ1φ2 j¯ψφ1 j¯θ2φ1 + j¯ψφ2 j¯θ1φ2 b¯ψφ1 b¯θ2φ1 − j¯ψφ2 j¯θ1φ2 j¯ψφ1 j¯θ2φ1 − j¯ψφ2 b¯θ1φ1 b¯φ1φ2 j¯ψθ2
+b¯ψφ1 j¯φ1φ2 b¯θ1φ2 j¯ψθ2 + j¯ψφ1 b¯φ1φ2 b¯θ1φ2 j¯ψθ2 + j¯θ1φ1 j¯φ1φ2 j¯θ2φ2 j¯ψψ + j¯θ1φ2 b¯θ2φ1 b¯φ1φ2 j¯ψψ
+j¯θ1φ2 j¯θ2φ1 j¯φ1φ2 j¯ψψ + b¯θ1φ1 b¯φ1φ2 j¯θ2φ2 j¯ψψ − j¯ψφ1 j¯φ1φ2 j¯θ1φ2 j¯ψθ2 − j¯ψφ2 j¯θ1φ1 j¯φ1φ2 j¯ψθ2
−b¯ψφ1 b¯φ1φ2 j¯θ1φ2 j¯ψθ2 − b¯θ1φ2 b¯θ2φ1 j¯φ1φ2 j¯ψψ − b¯θ1φ2 j¯θ2φ1 b¯φ1φ2 j¯ψψ + b¯ψφ2 j¯θ1φ1 j¯φ1φ2 b¯ψθ2
−j¯ψφ2 j¯θ1φ1 b¯φ1φ2 b¯ψθ2 + j¯φ1φ1 j¯φ2φ2 b¯θ1φ1 b¯ψθ2 − j¯φ1φ1 j¯φ2φ2 j¯ψθ1 j¯ψθ2 + j¯φ1φ1 j¯φ2φ2 j¯θ1θ2 j¯ψψ
+j¯φ1φ1 j¯ψθ1 j¯ψφ2 j¯θ2φ2 + j¯φ1φ1 b¯θ1φ2 b¯θ2φ2 j¯ψψ + j¯φ1φ1 j¯ψφ2 j¯θ1φ2 j¯ψθ2 − j¯φ1φ1 j¯ψθ1 b¯ψφ2 b¯θ2φ2
+j¯φ1φ1 j¯ψφ2 b¯θ1φ2 b¯ψθ2 − j¯φ1φ1 b¯θ1φ1 b¯ψφ2 j¯θ2φ2 − j¯φ1φ1 j¯θ1φ2 j¯θ2φ2 j¯ψψ − j¯φ1φ1 b¯ψφ2 j¯θ1φ2 b¯ψθ2
−j¯φ1φ1 b¯ψφ2 b¯θ1φ2 j¯ψθ2 + j¯φ1φ1 b¯θ1φ1 j¯ψφ2 b¯θ2φ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2 − j¯ψψ j¯2φ1φ2
+b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2
−2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆθ1φ1 = −(−j¯φ2φ2 j¯ψθ1 b¯ψφ1 + j¯φ2φ2 b¯θ1φ1 j¯ψφ1
+j¯φ2φ2 b¯θ1φ1 j¯ψψ + j¯ψφ2 j¯θ1φ2 b¯ψφ1 − b¯θ1φ1 j¯φ1φ2 j¯ψφ2 + b¯θ1φ1 b¯2ψφ2
−b¯θ1φ1 j¯2ψφ2 − j¯φ1φ2 b¯θ1φ2 j¯ψψ + b¯φ1φ2 j¯θ1φ2 j¯ψψ + j¯ψφ2 b¯θ1φ2 j¯ψφ1
+j¯ψθ1 j¯φ1φ2 b¯ψφ2 − b¯ψφ2 j¯θ1φ2 j¯ψφ1 + b¯θ1φ1 b¯φ1φ2 b¯ψφ2 − j¯ψθ1 b¯φ1φ2 j¯ψφ2
−b¯ψφ2 b¯θ1φ2 b¯ψφ1)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2 − j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2
−j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2
−j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆθ1φ2 = (−j¯φ1φ1 b¯θ1φ1 j¯ψφ2 − j¯φ1φ1 b¯θ1φ2 j¯ψψ + j¯φ1φ1 j¯ψθ1 b¯ψφ2
−j¯ψθ1 b¯ψφ1 j¯φ1φ2 + b¯θ1φ1 b¯ψφ1 b¯φ1φ2 + b¯θ1φ1 j¯ψφ1 j¯φ1φ2 + j¯θ1φ1 b¯φ1φ2 j¯ψψ
−j¯ψφ1 b¯θ1φ1 j¯ψφ2 + b¯θ1φ1 j¯φ1φ2 j¯ψψ − b¯θ1φ2 b¯2ψφ1 + b¯θ1φ2 j¯2ψφ1
−j¯ψθ1 j¯ψφ1 b¯φ1φ2 + b¯ψφ1 j¯θ1φ1 j¯ψφ2 + b¯ψφ1 b¯θ1φ1 b¯ψφ2 − j¯ψφ1 j¯θ1φ1 b¯ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆθ2θ2 = (j¯θ2θ2 j¯ψψ b¯
2
φ1φ2
− j¯θ2θ2 j¯ψψ j¯2φ1φ2 + j¯φ2φ2 j¯θ2θ2 b¯2ψφ1 − j¯φ2φ2 j¯θ2θ2 j¯2ψφ1
+j¯φ2φ2 b¯
2
θ2φ1
j¯ψψ − j¯φ2φ2 j¯2θ2φ1 j¯ψψ + b¯2θ2φ2 b¯2ψφ1 − j¯2θ2φ2 b¯2ψφ1
+j¯2θ2φ2 j¯
2
ψφ1 − j¯2θ2φ1 b¯2ψφ2 + b¯2ψθ2 b¯2φ1φ2 − b¯2ψθ2 j¯2φ1φ2
+b¯2θ2φ1 b¯
2
ψφ2
− b¯2θ2φ2 j¯2ψφ1 − j¯2ψθ2 b¯2φ1φ2 + j¯2ψθ2 j¯2φ1φ2
+j¯2θ2φ1 j¯
2
ψφ2
− b¯2θ2φ1 j¯2ψφ2 + 2j¯θ2φ2 b¯θ2φ1 b¯φ1φ2 j¯ψψ − 2b¯ψθ2 j¯ψφ1 j¯φ1φ2 b¯θ2φ2
+2j¯ψθ2 b¯ψφ2 b¯θ2φ1 j¯φ1φ2 + 2b¯ψθ2 b¯ψφ2 b¯θ2φ1 b¯φ1φ2 + 2b¯ψθ2 b¯ψφ2 j¯θ2φ1 j¯φ1φ2 + 2b¯ψθ2 b¯ψφ1 j¯φ1φ2 j¯θ2φ2
+j¯φ1φ1 j¯φ2φ2 j¯θ2θ2 j¯ψψ − 2j¯φ1φ1 b¯ψθ2 b¯ψφ2 j¯θ2φ2 + 2j¯φ1φ1 b¯ψθ2 j¯ψφ2 b¯θ2φ2 + 2j¯φ1φ1 j¯ψθ2 j¯ψφ2 j¯θ2φ2
– 87 –
−2j¯φ1φ1 j¯ψθ2 b¯ψφ2 b¯θ2φ2 + 2j¯φ2φ2 j¯ψθ2 j¯ψφ1 j¯θ2φ1 + 2b¯ψθ2 j¯ψφ1 b¯φ1φ2 j¯θ2φ2 − 2b¯ψθ2 j¯ψφ2 b¯θ2φ1 j¯φ1φ2
+2b¯ψφ1 j¯θ2φ1 b¯ψφ2 j¯θ2φ2 − 2b¯ψφ1 j¯θ2φ1 j¯ψφ2 b¯θ2φ2 − 2b¯ψθ2 j¯ψφ2 j¯θ2φ1 b¯φ1φ2 − 2b¯ψθ2 b¯ψφ1 b¯φ1φ2 b¯θ2φ2
−2j¯φ2φ2 j¯ψθ2 b¯ψφ1 b¯θ2φ1 − 2j¯φ2φ2 b¯ψθ2 b¯ψφ1 j¯θ2φ1 + 2j¯φ2φ2 b¯ψθ2 j¯ψφ1 b¯θ2φ1 + j¯φ1φ1 b¯2θ2φ2 j¯ψψ
−2j¯ψφ1 j¯θ2φ1 j¯ψφ2 j¯θ2φ2 − 2j¯ψφ1 b¯θ2φ1 b¯ψφ2 j¯θ2φ2 + 2j¯ψφ1 b¯θ2φ1 j¯ψφ2 b¯θ2φ2 − 2j¯θ2θ2 b¯ψφ2 b¯ψφ1 j¯φ1φ2
−2j¯θ2θ2 b¯ψφ2 j¯ψφ1 b¯φ1φ2 + 2j¯θ2θ2 j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯θ2θ2 j¯ψφ2 j¯ψφ1 j¯φ1φ2 + 2j¯θ2φ2 j¯θ2φ1 j¯φ1φ2 j¯ψψ
+2j¯ψθ2 b¯ψφ1 j¯φ1φ2 b¯θ2φ2 + 2j¯ψθ2 j¯ψφ1 b¯φ1φ2 b¯θ2φ2 − 2j¯ψθ2 j¯ψφ2 b¯θ2φ1 b¯φ1φ2 − 2j¯ψθ2 j¯ψφ2 j¯θ2φ1 j¯φ1φ2
−2j¯ψθ2 b¯ψφ1 b¯φ1φ2 j¯θ2φ2 − 2j¯ψθ2 j¯ψφ1 j¯φ1φ2 j¯θ2φ2 − 2b¯ψφ1 b¯θ2φ1 b¯ψφ2 b¯θ2φ2 + 2b¯ψφ1 b¯θ2φ1 j¯ψφ2 j¯θ2φ2
+2j¯ψφ1 j¯θ2φ1 b¯ψφ2 b¯θ2φ2 + 2j¯ψθ2 b¯ψφ2 j¯θ2φ1 b¯φ1φ2 − 2b¯θ2φ2 b¯θ2φ1 j¯φ1φ2 j¯ψψ − 2b¯θ2φ2 j¯θ2φ1 b¯φ1φ2 j¯ψψ
+j¯φ1φ1 j¯φ2φ2 b¯
2
ψθ2 − j¯φ1φ1 j¯φ2φ2 j¯2ψθ2 − j¯φ1φ1 j¯θ2θ2 j¯2ψφ2 − j¯φ1φ1 j¯2θ2φ2 j¯ψψ
+j¯φ1φ1 j¯θ2θ2 b¯
2
ψφ2
)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2
−j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2
−j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆθ2φ1 = −(j¯φ2φ2 b¯ψθ2 j¯ψφ1 + j¯φ2φ2 b¯θ2φ1 j¯ψψ − j¯φ2φ2 j¯ψθ2 b¯ψφ1
−j¯ψθ2 b¯φ1φ2 j¯ψφ2 + b¯φ1φ2 j¯θ2φ2 j¯ψψ − j¯φ1φ2 b¯θ2φ2 j¯ψψ − b¯ψφ2 b¯θ2φ2 b¯ψφ1
+b¯θ2φ1 b¯
2
ψφ2 − b¯θ2φ1 j¯2ψφ2 − b¯ψφ2 j¯θ2φ2 j¯ψφ1 + j¯ψφ2 j¯θ2φ2 b¯ψφ1
+b¯ψθ2 b¯φ1φ2 b¯ψφ2 − b¯ψθ2 j¯φ1φ2 j¯ψφ2 + j¯ψφ2 b¯θ2φ2 j¯ψφ1 + j¯ψθ2 j¯φ1φ2 b¯ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆθ2φ2 = (−j¯φ1φ1 b¯θ2φ2 j¯ψψ − j¯φ1φ1 b¯ψθ2 j¯ψφ2 + j¯φ1φ1 j¯ψθ2 b¯ψφ2
+j¯θ2φ1 b¯φ1φ2 j¯ψψ + b¯θ2φ1 j¯φ1φ2 j¯ψψ + b¯ψθ2 j¯ψφ1 j¯φ1φ2 + b¯ψθ2 b¯ψφ1 b¯φ1φ2
−j¯ψθ2 j¯ψφ1 b¯φ1φ2 + b¯ψφ1 j¯θ2φ1 j¯ψφ2 − b¯θ2φ2 b¯2ψφ1 − j¯ψφ1 j¯θ2φ1 b¯ψφ2
−j¯ψθ2 b¯ψφ1 j¯φ1φ2 − j¯ψφ1 b¯θ2φ1 j¯ψφ2 + b¯ψφ1 b¯θ2φ1 b¯ψφ2 + b¯θ2φ2 j¯2ψφ1)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2 − j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆφ1φ1 = (j¯φ2φ2 j¯ψψ + b¯
2
ψφ2 − j¯2ψφ2)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
jˆφ1φ2 = −(j¯φ1φ2 j¯ψψ − j¯ψφ2 j¯ψφ1 + b¯ψφ2 b¯ψφ1)/(j¯ψψ j¯φ1φ1 j¯φ2φ2
+j¯ψψ b¯
2
φ1φ2
− j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2
+b¯2ψφ2 j¯φ1φ1 − 2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1
+2j¯ψφ2 b¯ψφ1 b¯φ1φ2 + 2j¯ψφ2 j¯ψφ1 j¯φ1φ2)
– 88 –
jˆφ2φ2 = (j¯ψψ j¯φ1φ1 + b¯
2
ψφ1
− j¯2ψφ1)/(j¯ψψ j¯φ1φ1 j¯φ2φ2 + j¯ψψ b¯2φ1φ2
−j¯ψψ j¯2φ1φ2 + b¯2ψφ1 j¯φ2φ2 − j¯2ψφ1 j¯φ2φ2 + b¯2ψφ2 j¯φ1φ1
−2b¯ψφ2 b¯ψφ1 j¯φ1φ2 − 2b¯ψφ2 j¯ψφ1 b¯φ1φ2 − j¯2ψφ2 j¯φ1φ1 + 2j¯ψφ2 b¯ψφ1 b¯φ1φ2
+2j¯ψφ2 j¯ψφ1 j¯φ1φ2 (C.2)
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